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Highly Efficient Gradient Computation for
Density-Constrained Analytical Placement

Jason Cong, Fellow, IEEE, Guojie Luo, Student Member, IEEE, and Eric Radke

Abstract—Recent analytical global placers use density con-
straints to approximate nonoverlap constraints, and these show
very successful results. This paper unifies a wide range of den-
sity smoothing techniques called global smoothing and presents
a highly efficient method for computing the gradient of such
smoothed densities used in several well-known analytical placers.
This method reduces the complexity of the gradient computation
by a factor of n compared with a naive method, where n is the
number of modules. Furthermore, with this efficient gradient com-
putation, it is able to support an efficient nonlinear programming-
based placement framework, which supersedes the existing
force-directed placement methods. Experiments show that replac-
ing the approximated gradient computation in mPL6 with the
exact gradient computation improves wire length by 15% on the
IBM-HB+ benchmark and by 3% on average on the modified
International Symposium on Physical Design 2005 (ISPD’05) and
ISPD’06 placement contest benchmarks with movable macros.
The results also show that the augmented Lagrangian method
outperforms the quadratic penalty method with the exact gradient
computation.

Index Terms—Iterative solvers, overlap constraints, overlap re-
moval, placement.

1. INTRODUCTION

ECENT analytical global placers use density constraints

to approximate nonoverlap constraints and show very suc-
cessful results in both quality and scalability [2], [4], [S]. The
differentiability of both the objective and constraint functions
is usually required by analytical solvers. However, the density
function is normally not smooth; thus, several smoothing tech-
niques have been proposed and implemented to overcome this
problem, including the following: 1) the bell-shaped function
[6], [10] to replace the rectangle-shaped modules with differen-
tial bell-shaped modules; 2) the smoothing operator defined by
the Helmholtz equation [2]; 3) the Gaussian smoothing [4] for
the density of fixed modules; and 4) the Poisson equation [5] to
transform area distribution to some smoothed potential.
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In this paper, we consider the smoothing techniques 2), 3),
and 4) listed in the previous paragraph, which we call global
smoothing techniques because the smoothed density of a sin-
gle bin is correlated globally with the original density of
every bin. Global smoothing techniques were used by the top
placers in the International Symposium on Physical Design
2006 (ISPD’06) placement contest [9], and the contest results
indicate that these techniques are effective in achieving high-
quality solutions. However, until recently, these techniques did
not completely conform to the standard nonlinear programming
framework. The method in NTUplace [4] did not use Gaussian
smoothing for movable modules but only for fixed modules.
The method in Kraftwerk [5] used the smoothed potential as the
basis for a force-directed method but does not follow a standard
nonlinear programming framework. The method in mPL [2]
generalized the force-directed method and used a nonlinear
programming formulation and solution technique based on the
Uzawa algorithm [1] but could only use a simple approxi-
mation of the gradient computation for the smoothed density
function.

To adopt these global smoothing techniques into a nonlin-
ear programming framework, a fundamental difficulty arises
because of the high complexity of gradient computation of
the density penalty function. Unlike the bell-shaped function
smoothing technique, where the gradient of the density penalty
function can be written down explicitly, the global smoothing
techniques do not seem to have any simple analytical form and
may require a large amount of numerical computation. This
difficulty was the motivation for this paper, which has resulted
in the following contributions.

1) We observed the common property of the global smooth-
ing techniques 2), 3), and 4), which makes this pa-
per extensible to handling a large class of smoothing
techniques.

2) We derived an equivalent expression for the gradient
of the density penalty function, which leads to highly
efficient numerical computation and reduces the time
complexity by a factor of n compared to a naive
computation.

3) We used our efficient density gradient method in a non-
linear programming framework. We consider this to be a
contribution because it is the first time that the density-
constrained placement problem with global smoothing
technique can be solved exactly in the general nonlinear
programming framework. Moreover, we found that the
resulting placement method supersedes the force-directed
placement methods [2], [5].
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4) In particular, we applied our gradient computation to the
augmented Lagrangian method in a multilevel placement
framework and tested this on the IBM-HB+ benchmark
[11]. The application leads to a 15% shorter wire length
than mPL6 [3]. It also leads to a 3% wire length im-
provement, on average, in the modified ISPD’05 [8] and
ISPD’06 [9] benchmarks with movable macros.

The remainder of this paper is organized as follows.
Section II describes the class of smoothing techniques we
are concerned with. Section III defines the density penalty
function under two kinds of nonlinear programming methods.
Section IV derives an equivalent expression for the gradient of
density penalty function that leads to highly efficient computa-
tion. Section V discusses practical implementation in a global
placer. Section VI presents our experimental results. Finally,
conclusions and future work are presented in Section VII. In
addition, the appendix section provides further analysis on
our computation and a better understanding of force-directed
methods.

II. DENSITY AND SMOOTHED DENSITY

We begin with a simplified placement problem for wire
length minimization under given target density distribution con-
straints for all bins. These bin density constraints are normally
used to replace the nonoverlap constraints. If the bin density
constraints are satisfied or almost satisfied, we consider the
global placement stage to be completed and leave the remaining
work to the detailed placement phase. Thus, the global place-
ment problem is formulated as

minimize ~ W L(Z, 3)

subjectto  D;;(Z,¥) = I;;

forevery 1<:< M, 1<j53<N. (D)

In this problem, there are n modules. The symbols Z and ¥
are the short-hand notations for the n-dimensional vectors ()
and (yy), respectively, where (z, yx) is the placement of the
kth module with width wy, and height hy.

We assume that the placement region is [0, a] x [0, b], which
is a rectangular area with origin at (0, 0), width a, and
height b. To measure the placement density, it is divided into
M x N uniform bins B;;, where 1 <7 < M,1 < j < M, with
bin width wp = a/M and bin height hg = b/N. D;;(Z, )
is the average module density in bin B;; determined by the
placement (Z, ).

The target density constraints D;;(Z, ) = I;; require that
the density in each bin B;; be equal to the target density I;;. In
general, we can support density inequality constraints as well
by transforming them to equality constraints using filler cells,
as done in [3].

A. Density

To simplify the following analysis, we assume that we have
infinite resolution of the bin structure; thus, the set of bin
density {D;;(Z, %)} becomes the function of point density
(D(Z,%))(u,v) defined in [0, a] x [0,b], which can be com-
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Fig. 1. Continuous and discrete densities.

puted by the summation of the density contribution of each
module as Y ,_; Dy (2, yx), where

1, w€ [zg — (wi/2), 2 + (wi/2)]
and
(D@, yi)) (u, v) = v € [ye — (hi/2),yx + (hi/2)]
0, otherwise.

@

A small example with two overlapping modules (with aspect
ratio 2 : 1) for the discrete and continuous densities is shown in
Fig. 1. The discrete values represent the average bin densities.

The target density I(u, ) can also be considered as {I;;}
with infinite resolution. Thus, we transform the constraints from
the discrete bin structures to a continuous density map

minimize W L(Z, )
subjectto  (D(Z,9)) (u,v) = I(u,v)
for every (u,v) € [0,a] x [0,b]. 3)

B. Smoothed Density

Note that (D(Z,%))(u,v) is not differentiable in general.
There have been several smoothing techniques (as introduced
in Section I, including the Helmholtz equation, the Poisson
equation, and Gaussian smoothing; this paper shows that all of
these smoothing techniques can be generalized into one class
that we shall define in Section IV) as follows, which will be
used in the remainder of this paper. Here, we shall first review
each existing density smoothing technique.

1) Smoothing by Helmholtz Equation: In [2], the smoothed

density (Dpgy (Z,%))(u,v) is defined as the solution of
Helmholtz equation with zero-derivative boundary conditions
82 82 —~
(W + 55 e) (Dn (@ 9)) (u,v) = = (D@ 9) (uw,v).
“)
The solution can be written down explicitly through Green’s
function [13]

(Du @.9) ()
a b
= — /(D(a‘:’,gj’))(u',l/)GH(u,y,u’,V') dv'du  (5)
00
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where

Gg(u,v,u' V)

Z Z CnCm cOS(ppu) cos(gmv) cos(ppu’) cos(gm')
~ab ph+an, te

n=0m=0

(6)

with constants ¢, ¢y, Pn, and ¢, that only depend on n
and m.
2) Smoothing by Poisson Equation: In [5], the smoothed

density (Dp (Z, %)) (u, v) is defined as the solution of the Pois-
son equation with zero derivative at infinity

(5 + 2 ) (Pr @) (0) = ~DE D). O

The solution can also be expressed explicitly by Green’s
function [13]

(D (@9)) ()
—+o00 +00
/ / D(Z,9)) (v, V)G p(u,v,u’,V)dv'du’  (8)
where
1 1
Gp(u,v,u' V)= —1In ) 9)

2 =P+ -

3) Gaussian Smoothing: The smoothed density

(BG (Z,9))(u,v) is defined as the convolution between
the Gaussian function and the original density (D(Z, %)) (u, v),
which is

(Pe (@) (uw,v)

“+00 400
/ /(D Z,9)) (W', V)Ga(u, v, V)dv du' (10)
where
1 w—u’)2 v—1v)2
Ga(u,v,u' V') = W{f% (11)

4) General Global Smoothing: We observed that the three
smoothing techniques described earlier can be generalized into
the following density smoothing operation:

a b

(B(f 7) // D(Z,7))
’ (12)

where the symmetry property G(u,v,u’,v') = G, v/, u,v)
is satisfied. Intuitively, G(u, v, u', V') represents the amount of
smoothed density at point (u, ) created by the original density
at point (v, ). We call this class of smoothing operation as
global smoothing, because G(u,v,u',v') is usually nonzero

)G (u, v, V) dy du!
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for every pair of (u,v) and («/,7'), which indicates that the
influence of the original density to the smoothed density is
global.

The discussion and result in the remaining part of this paper
will be based on this class of general smoothing operation.
Please note that the lower and upper limits of the double integral
are bounded in the aforementioned expression. This is only for
the convenience of expression, and the following discussion is
simple to extend for the unbounded cases.

An important property of the smoothing operator is that two
density functions are equal if and only if the corresponding
smoothed density functions are equal

ng(fv :17) = Ilj g sz(-'f7 37) :?17 (13)
(D@, 7)) (u,v) = I(u,v) & (B (z, g)) (u,v) =1 (u,v).
(14)

Using such smoothing operation, we can transform the den-
sity constraints to the smoothed density constraints as follows
to obtain differentiability.

Discrete smoothed density constraints

minimize W L(Z, )
subject to Bij (Z,9) :/I\ij
forevery 1 <¢:< M, 1<j<N. (15)
Continuous smoothed density constraints
minimize ~ W L(Z,7)
subject to (B (7, g)) () =1 (u,v)
forevery (u,v) € [0,a] x [0,D]. (16)

The arc ~ is added on top of a density function to differenti-
ate that it is a smoothed density function.

III. DENSITY PENALTY FUNCTION

The problems specified in (15) and (16) are constrained non-
linear programming problems. Their solution typically involves
solving a sequence of unconstrained problems. Two commonly
used methods are the quadratic penalty and augmented La-
grangian methods, where the unconstrained problems optimize
a combination of wire length and penalty functions on the den-
sity constraints. The details will be described in the following
sections.

A. Quadratic Penalty Method

The quadratic penalty function for problem (15) is

WL )+ 53> (D@9~ ?ij)QthB 17)

i=1 j=1

where p is the quadratic penalty parameter.

Authorized licensed use limited to: IEEE Xplore. Downloaded on December 17, 2008 at 14:51 from IEEE Xplore. Restrictions apply.



2136

Moreover, the quadratic penalty function for problem (16) is

/((B (2, g)) (u,v)— ?(u, y))2 dvdu.
0

(18)

This function can be viewed as the limit of the discrete case
when the resolution of placement bins becomes infinite. How-
ever, more generally, it can be considered in vector space
notation, so that problem (16) can be rewritten as

minimize ~ W L(Z, )

—~

subject to (D (z, g)) (k) =1 (%, %) (19)

where D (Z, ) (x,*) and I (x,x) are considered vectors in the
vector space L?([0,a] x [0,b]), which consists of all the 2-D
functions, ¢ defined in [0,a] x[0,b] such that
[& [? g*dvdu < co. In this vector space, for any two
functions g1 (x, *), g2 (*, *) € L2([0,a] x [0,b]), we can define
their inner product as follows:

ab

g1(x, %) ® go(*, %) //91 u, v)ga(u, v)dvdu. (20)
0

The norm of g(x,x) € L%([0,a] x [0,b]) is defined as
lg(, %)|| = v/ g(*, %) ® g(*, ). With these definitions, basic
concepts, like the limit and the convergence, can also be de-
fined, and the convergence of the quadratic penalty method in
this vector space can be proved seamlessly [7].

Under the notion of vector space, the quadratic penalty
function can be written as

Q(T, 5 ) = WL(Z, §) + Po(T, §; 1) 1)
where
- BN D 7l
Po(Z, 5 n) = 5 HD(x,y)— IH (22)
and their gradients can be computed as follows:
VQ(E, §; 1) = VWL(Z,§) + VPo(&,§: 1) (23)
VP35 1) = (D (#9)~ ) ©V D7) (24)

with scalar 4 as the quadratic penalty parameter.

We call Po(Z,4;u) the density penalty function for the
quadratic penalty method and V Pg (%, ¥; 1) the gradient of the
density penalty function.

The algorithmic framework of the quadratic penalty method
[12] is given in Fig. 2.

B. Augmented Lagrangian Method

Similar to the quadratic penalty method in vector space,
the augmented Lagrangian function for problem (16) can be
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Given
,u(o) >0, tolerance PARRNY )
and a starting point (*©, }7(0)) ;
for k=0,1, 2, ...
Starting at (x® , %)),
Find an approximate minimizer (¥
such that ||VQ(*(k”) pEHD, (k))”ST(k),
if a convergence test is satisfied
Stop with approximate solution (X
end if
Choose new penalty parameter /J(kﬂ) > y(k) ;
Select tolerance 7D ;
end for

(k1) =(k+1)

(k+1) J/(kﬂ)) ;

Fig. 2. Algorithm 1—quadratic penalty method.

Given
;4(0) >0, tolerance © 59 N
a starting point (¥©, @) and A?;
for k=0,1, 2, ...
Starting at (@, 7®) ,
Find an approximate minimizer (X
such that "VLA()?(k”) ,yED ,ﬂ,(k);,u(k))” <,
if a convergence test is satisfied
Stop with approximate solution (X
end if
Update A% 2® 1, B(pEED, 5EDy_Ty .
Choose new penalty parameter &) > 40
Select tolerance &

(k1) 50kt

~(k
D 5y

end for
Fig. 3. Algorithm 2—augmented Lagrangian method.
written as
Lo(Z, 7, u) = WL(Z,9) + Pa(Z, 7, \; i) (25)

where

Pa(#,§,%i1) = A© (D(&3)~ 1) + Po(&.din)  (26)
and its gradient is

VLA(Z, g, A\ u) = VWL(Z, i) + VPaA(Z, 9, \; ) (27)
where

VPA(Z, g, 1) = /\QVD( 9) + VPo(Z,y; 1)

—~

I )) ©V D(Z,)
(28)

- (A+u (B(f,g)—

with scalar p as the quadratic penalty parameter and \(x, %) €
L2([0,a] x [0,b]) as the Lagrangian multiplier.

Similarly, we call P4 (Z, 7, A; u) the density penalty function
for the augmented Lagrangian method and VP4 (Z, ¥, A; i)
the gradient of the density penalty function. The algorithmic
framework of the augmented Lagrangian method [12] is shown
in Fig. 3.
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IV. GRADIENT COMPUTATION

The gradient of the density penalty function of either the
quadratic penalty method in (24) or the augmented Lagrangian

method in (28) has the common form gov D (Z,9), where
the function g equals u(D( y)

method and equals A + ,u(D (Z,9)— I) in the augmented
Lagrangian method. It is a 2n- dlmensmnal vector, whose com-

ponents consist of g ® 9 D (Z,4)/0xk and g © 0 D (Z,§)/0yk
fork=1,2,...,n

The computation of this gradient is required to be performed
hundreds or thousands of times in solving the constrained non-
linear programming problems. However, the computation is not
trivial. We will explain why a naive method is not practical and
how we efficiently solve this problem. In the following sections,
we assume that the run time for the smoothing operation is T'(n)
and it is superlinear [of higher order than O(n)], as we need to
consider every cell during the smoothing operation.

I ) in the quadratic penalty

A. Naive Computation

To compute g ©® V D (Z, i), a naive method has to compute

the components g © 0 D (&,%)/0xy and g ® 0 D (&, ¥)/0yk
one by one and then expand the inner product for each
component

—~

oD(E ) | a(D(m 7) (w.v)
gO —F— //g (u,v) dvdu
3a:k oxy,
0
(29)
oD@ [ ewp@@y%mdd
go B O/g(u,u o vdu.
(30)

By discretization, the double integrals are computed through
double summation, and the partial derivatives are computed
through a certain finite difference scheme.

The detailed description is shown in Fig. 4. In the loop be-
tween lines 04 to 11, there are two time-consuming parts. Line
07 consumes T'(n) time in each loop, and the computation of

{D/;} cannot be reused. Lines 06 and 08 consume O(MN) =
O(n) time, assuming the bin number is of the same magnitude
as the number of modules. Therefore, the time complexity is
O(n)(T'(n) + O(n)) = O(n)T(n) for this naive computation.

B. Efficient Computation

To avoid the time-consuming part of the naive computa-
tion, the equivalent expressions of the inner products g ® 0 D
(Z,7)/0xy, and g ® 0D (&,y)/Oyy, are derived for efficient
computation and are given in the following theorem.

Theorem 1: Assume that the function G(u,v,u/,v") for
the smoothing operator is locally square integrable (e.g., G €

2137

Input: (3,3). {g;}

Output: g© VD(x )

Algorithm:

01: {D } «— compute_density (X,¥) ;
02: {D .} < smooth ({D D

03: Select small Ax, Ay R

04: for k=1,2,3,..,n

05: x, < x, +Ax;

06: {D’} <« compute_density (X,¥) ;
07: {D 4« smooth ({D DR

k i=1j=1
09: xk<—xk—Ax; R
OD(%,5)
5y

k

10: Compute g© as in lines 05-09;

11: end for

Fig. 4. Algorithm 3—naive gradient computation for the density penalty
function.

L% (R")) and contains a finite number of singularities in any

bounded region. Let D(Z, %) and D (Z, %) be the density and
smoothed density defined in Section II, respectively; then, for
any function g € L2([0, a] x [0,b]), we have

Yyr+hy /2

— Wi
[ (s
ye—hi /2
—~ Wy
- g (xk—7,u))du
op@y h
mvy _ o i
99 "9p ~ / <g (u’ykJr 2)
Tp—wg /2
— h
-9 (u,yk — ;)) du. (32)

Proof: Since the smoothing operator is linear, D (Z, %)

oD(F,7)

g © 6£Uk

€2y

can be decomposed to Y ;' _; D (2, yx). Thus

8xk
D
:Q%%¥Q (33)
a a
= (Trk / (Dr(r, yx)) (u/,V/)G(u,Z/, ul71/,)dy,du/ (34)
00
Tptwk /2 Ypt+hi/2
 On G(u,v, V)V dud (35)
Tp—wi /2 Yp—hy/2
yr+hr/2
= / G(u, v,z + wy /2,1 )dV
yk*hk/Q
Yr+hi/2
- / G(u,v,ox — wy/2,V) v/ (36)
yr—hi/2

Authorized licensed use limited to: IEEE Xplore. Downloaded on December 17, 2008 at 14:51 from IEEE Xplore. Restrictions apply.



2138

Step (33) only keeps the smoothed density of cell &, since the
partial derivative of other smoothed density with respect to

xy is zero. Step (34) expands D (xy,yx) that is defined in
Section II-B4. Step (35) drops the integral region where
Dy (xk, yx) is zero. Step (36) is derived according to the Leibniz
integral rule. For a function G(u, v, v/, ') with singularities,
the Leibniz integral rule may not apply. See Appendix III for
the justification of step (36) in this case. It should be noted
that the resulting integrals in step (36) need not exist for every
possible (u, ) pair in the integrated region, but do for almost
every (u, V) pair, and the validity of the following steps shall be
explained below. Therefore

g0 85(1?7 )/ 0y,

ab ~
= //g(u,zx)%ﬂi’y)dudu (37)
00
ab yu+hi/2
= //g(u,y) / G(u,v, ) + wy /2,1 )dV
00 Y—hi /2
Yr+hi/2
- / Gu, v,z — wy/2,V)dV | dvdu
Yr—hi /2
(38)

ye+hi/2 / a b
= / 9(u, )G (u, v, 2, + wy /2,0 )dvdu
Ye—he/2 \0 0
ab
- /g(u7 V)G(u, v,z — w2,V )dvdu | dV
00

(39)
yethi/2/ a b
= / g(u, V)G(z) + w2,V u, v)dvdu
yr—hi/2 \0 0
ab
- /g(u,u)G(xk —wg )2,V u,v)dvdu | dv'
00

(40)
ye+hi/2
= / (5 (z + wi/2,V)— g (2x — wk/Qﬂ/)) av'.
Ye—hi/2
(41)

Step (37) expands the inner product defined in Section III-A.

Step (38) substitutes 9 D (Z, 3)/0xy, by the previous compu-
tation. Step (39) changes the order of integrals. Step (40)
exchanges the variables of function G because of its symmetric
property defined in Section II-B4. Step (41) applies the defini-
tion of smoothed density, as in Section II-B4.
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Input: (%,7). (g}
Output: g© VD(X,y)
Algorithm:
01: {Qﬁ} <« compute_density (X, ) ;
02: {D;} «<—smooth ({D,;}) ;
03: {g}.j} < smooth ({gij}) ;
04: for k=1,2,3,...n
05: xp < xp—wp 2, xp<xp+w[2;
06:  yp<yp—h[2. yr <y +hy[2;
07. g© 8D(fc,)7)/8xk <« integrate({gij},(xR,yB),(xR,yT))
= _integrate({gij}a(-styB)e(vayT)) 5
08:  g® 8D(%,7)/dy, < integrate({g,}(x. ¥p) (g 7))
7integrate({§ij}:(ﬁ »¥g)s (> ¥8)) 5
09: end for
Function integrate ({gij},(xl, Y- (x5, %,))
01: Select the number A/ of intervals
dividing the segment (x;, ) = (x,,,) ;
02: Ax <= (xy—x))/M . Ay < (= y)/M ;
03: [ « interpolate ({g;}.(x. 1))/ 2
+ interpolate ({g;;}.(x2.32)) /2

04: for k=1,2,3,..,M-1
05: x<«x+kAx, y< y+kAy;
06: 1< I+interpolate ({g;}.(x.»));
07: end for
08: I« I-\/(xz —xl)2 +(», _.V1)2 /M R
09: return /.
Function interpolate ({ gl.j},(x, »)
assume (a;,b,) = (a41.6,11) is the bin containing (x,y);
return g, (a,, ~ x)(bye1 — )/ (Wghg)

+&i, (@ — XNy —by) / (wghp)

g5, (=) by~ ) (wyhy)

81— a)(y— b))/ (wyhg) .

Fig. 5.
function.

Algorithm 4—efficient gradient computation for the density penalty

The changing order of integration at step (39) is valid for
G containing singularities. Since g and G are in L? in the
integrated region, it follows by Holder’s inequality [15] that
gG € L' in the integrated region. Thus, we may invoke the
Fubini-Tonelli theorem [15] to justify the change of order of
integration in step (39). It also follows from the Fubini—Tonelli
theorem that the resulting iterated integral is valid, despite the
integrals in step (36) possibly not existing for every (u, v/) pair.
Please refer to Appendix II for the descriptions of Holder’s
inequality and Fubini—Tonelli theorem.

In the same way, we can also derive (32) for g ® 815

The key insight of (31) [or (32)] is that the integral of the
product g(u,v) ® (0D (Z,y)/0xy)(u,v) over the placement
region is equivalent to the difference of the integrals of ¢ (u,v)
along a pair of opposing edges on the module boundary. The
naive computation has to compute 9 D (Z, i) /Oxy, for each k,
but with (31), we only need to compute E (u, v) once and reuse
it for all the modules. Thus, we give a highly efficient com-

putation of g © V D (Z,¥) in Fig. 5. The function interpolate
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({gij}: (z,y)) computes g(z,y) at any (z,y) by bilinear in-
terpolation. Moreover, the numerical integration is computed

by the function integrate({g;;}, (z1,y1), (z2,92)) for (31)
and (32).

During implementation, g(z,y) is represented as a matrix
instead of a continuous function, so that the function value at
(z,y) is computed by bilinear interpolation from the neighbor-
ing points stored in the matrix.

Theorem 2: The computational complexity in Fig. 5 is T'(n),
which is no greater than the complexity of the smoothing
operation.

Proof: Lines 01 to 03 consume 7'(n) time for smoothing.
Integrals are computed numerically in each loop between line
04 and line 09. Because the lower and upper limits of these
integrals depend on the module size, which is a constant in the
problem, they only require (3 time to compute each integral and
O(n) time in total. Therefore, T'(n) + O(n) = T'(n) is the time
complexity for Fig. 5. |

The advantage of Fig. 5 is that {Z]\U} can be reused in every
loop, so that we only need to smooth {g;; } once. This algorithm
reduces the run time by a factor of n in terms of computational
complexity compared to the naive method.

V. PRACTICAL IMPLEMENTATION IN A GLOBAL PLACER

Integrating the gradient computation method in a global
placer involves the practical implementation of the quadratic
penalty method or the augmented Lagrangian method. The
following sections will give detailed considerations for imple-
menting Figs. 2 and 3.

A. Density Grids and Smoothed Density

The placement region is scaled into a unit square, and the
density function is implemented with discrete bin grids. The
grids are constructed in such a way that the grid size is equal to
the average area of “most” cells, which consist of 90% of the
movable macros and movable standard cells and excludes the
largest 5% and the smallest 5%.

The smoothing operator is selected to be the square root of
the Helmholtz smoothing operator. According to Section IV-B,
a twice-smoothed density has to be computed; thus, the
Helmbholtz smoothing is performed on the original density. The
parameter € referred in Section II-B-1 is set to be 100.

B. Step Size Selection

In each iteration, the solver searches for a minimizer
of the nonlinear function F(Z, %) = WL(Z, ) + P(Z, %) for
both methods, where the penalizing term P(Z,¥) represents
Py (&, y; ) in the quadratic penalty method and represents
P4(Z, 7, \; p) in the augmented Lagrangian method. Given an
initial solution (Z(*), #*)) from the last iteration, the gradient
descent method can be used to minimize F'(Z, ) by iteratively
updating

(fnewv gnew) — (fold7 3701(1) - OZVF(fold7 3701(1) (42)
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until it converges to a stationary point (Z**1) (k1)) which
is the local minimizer of the function F'(Z, 7).

In order to reduce the run time, a constant step size is used
instead of line search. If the gradient descent method cannot
converge with step size o for the initial solution (%), #7(%)), a
smaller step size (e.g., 0.6 will be tried.

In general, the constant step size « at the kth iteration is

a=kn"ag (43)
where aq is the initial step size, m is the number of discon-
vergent trials from the first iteration to the kth iteration, and
1 < 11is the factor to reduce the step size. The current iteration
number £ is multiplied as a heuristic to provide opportunity to
increase the step size again. During the implementation, oy = 1
and n = 0.6 are used.

C. Penalty Factor Update Scheme

This update scheme of the penalty factor p is applied to
both the quadratic penalty and augmented Lagrangian methods.
The basic idea is to increase p when the overlap removal be-
comes slow

overlap removal is slow

44
otherwise 44

(k)
(k+1) YR,
e {u““%

where v > 0 and v = 1.2 are used during implementation.

To facilitate the decision whether overlap removal is slow,
two concepts are used: The percentage of cell overlap OVL is
defined as

J [max (0, D(u,v) — I(u,v)) dvdu
00

OVL = = (45)
[ [ D(u,v) dvdu
00
and the overlap reduction rate r is defined as
r = (OVLg_; — OVL)/OVLy_;. (46)

We consider that the overlap removal is slow, when (OVL >
25% and r < 5%) or (OVL < 25% and r < 0.5%).

D. Lagrangian Multiplier Update Scheme

Different from the scheme in Fig. 3, the Lagrangian mul-
tiplier is not updated every iteration. Instead, it updates only
when the penalty factor p is not increasing, which means that
the Lagrangian multiplier is updated only when the overlap
removal is fast enough.

To make the iterative method more stable, a damping factor
( is introduced in the update

B AB) 4 g (D (7040, g +0) 1) @)

During implementation, 3 = v — 1 is used, where = is defined
in Section V-C.
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TABLE 1
BENCHMARK STATISTICS
IBM-HB+ modified 1ISPD’05 & ISPD’06
circuit #eell #net WS% circuit #eell #net WS%
ibmO1 911 5829 | 20.1 adaptec2 | 254616 | 266009 | 214
ibm02 | 1471 | 8508 | 20.0 | adaptecd | 496141 515951 37.3
ibm03 | 1289 | 10279 | 21.2 | bigbluel | 277636 | 284479 | 45.8
ibm04 | 1584 | 12456 | 20.0 | bigblue2 | 557962 | 577235 38.1
ibm06 | 749 | 9963 | 20.0 | bigblue3 | 1096908 | 1123170 | 143
ibm07 | 1120 | 15047 | 20.0 | bigblued | 2177449 | 2229886 | 34.7
ibm08 | 1269 | 16075 | 203 | adaptec5 | 843224 | 867798 | 21.3
ibm09 | 1113 | 18913 | 20.1 | newbluel | 330137 | 338901 293
ibm10 | 1595 | 27508 | 16.7 | newblue2 | 441586 | 465219 13.8
ibmll | 1497 | 27477 | 20.0 | newblue3 | 494123 552199 15.3
ibml12 | 1233 | 26320 | 20.6 | newblued | 646219 | 637051 34.2
ibm13 | 954 | 27011 | 20.0 | newblueS | 1233154 | 1284251 | 254
ibml4 | 1635 | 43062 | 20.0 | newblue6 | 1255135 | 1288443 | 40.7
ibml5 | 1412 | 52779 | 20.1
ibml6 | 1091 | 47821 | 20.0
ibm17 | 1442 | 56517 | 20.0
ibmI8 | 943 | 42200 | 20.0
TABLE II
EXPERIMENTAL RESULTS ON IBM-HB+ BENCHMARK (mPL6 AND SCAMPI)
mPL6 + NTUplace-DP SCAMPI
IBM-HB+
WL . WL . .
0,
ovl% (10") RT (min) (10)) dift% RT (min)
ibm01 1.42% 0.33 0.79 0.34 3.0% 1.03
ibm02 1.35% 0.74 429 0.8 8.1% 233
ibm03 1.12% 0.92 2.13 0.95 3.3% 1.74
ibm04 1.65% 1.12 4.60 123 9.8% 2.40
ibm06 0.89% 0.92 3.87 1.1 19.6% 2.83
ibm07 1.61% 1.66 3.30 1.57 -5.4% 1.65
ibm08 1.80% 2.06 7.43 2.05 -0.5% 3.14
ibm09 1.54% 2.11 6.96 222 5.2% 3.03
ibm10 8.60% 7.06 11.08 5.52 21.8% 5.33
ibml11 1.97% 3.00 9.26 278 -7.3% 2.41
ibm12 1.47% 5.64 7.42 6.76 19.9% 6.77
ibml13 1.96% 391 9.70 422 7.9% 3.49
ibml4 1.83% 7.52 9.88 6.64 -11.7% 4.47
ibml5 1.62% 10.35 21.23 .82 -14.8% 6.27
ibml16 1.98% 10.23 10.76 10.62 3.8% 5.11
ibm17 2.00% 16.32 17.40 15.27 -6.4% 6.43
ibml18 1.98% 9.10 15.68 7.8 -14.5% 321
average 2.05% -0.1%

E. Stopping Criterion

The percentage of cell overlap OVL is used as a stopping
criterion. For most circuits, OVL < 10% is small enough to be
removed by the detailed placer. For the circuits with large mod-
ule size variation (e.g., IBM-HB+ [11]), the stopping criterion
can be set to OVL < 3% to remove more overlaps in the global
placement phase.

VI. EXPERIMENTAL RESULTS

To solve problem (16) defined in Section II-B4, we im-
plemented the gradient computation with both the quadratic

penalty and augmented Lagrangian methods in a multilevel
framework known as mPL6 [3].

The benchmarks used in the experiments include IBM-HB+
[11] and the modified ISPD’05 and ISPD’06 placement contest
benchmarks [8], [9], which are summarized in Table I. The
number of movable cells (including macros), the number of
nets, and the percentage of white space are listed in the table.

The first experiment was performed on the IBM-HB+ bench-
mark [11], which consists of hard instances with large mod-
ule size variation. The analysis in our Appendix I will show
that, under such conditions, the exact smoothed density gra-
dient computation is superior to the heuristic used in mPL6.
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TABLE III
EXPERIMENTAL RESULTS ON IBM-HB+ BENCHMARK (OUR METHODS)
IBMHB- Quadratic Penalty Augmented Lagrangian
ovl% WL(10%) dift% RT(min) dift% ovl% WL(107) dift% RT(min) diff%
ibm01 1.34% 0.30 -9.09% 0.49 -38.0% 3.86% 0.28 -15.15% 0.55 -30.4%
ibm02 1.08% 0.61 -17.57% 1.48 -65.5% 1.58% 0.58 -21.62% 1.25 -70.9%
ibm03 1.10% 0.86 -6.52% 1.16 -45.5% 1.67% 0.82 -10.87% 1.12 -47.4%
ibm04 1.28% 1.06 -5.36% 1.54 -66.5% 1.87% 1.01 -9.82% 1.64 -64.3%
ibm06 0.87% 0.87 -5.43% 1.17 -69.8% 1.27% 0.80 -13.04% 0.92 -76.2%
ibm07 1.62% 1.58 -4.82% 2.24 -32.1% 241% 1.56 -6.02% 1.98 -40.0%
ibm08 1.02% 1.85 -10.19% 2.11 -71.6% 1.55% 1.71 -16.99% 1.73 -76.7%
ibm09 1.54% 1.61 -23.70% 1.83 -713.7% 2.27% 1.61 -23.70% 1.64 -76.4%
ibm10 1.57% 4.38 -37.96% 3.72 -66.4% 2.38% 3.96 -43.91% 2.96 -73.3%
ibml1 1.64% 2.75 -8.33% 2.68 -71.1% 2.40% 2.58 -14.00% 2.05 -77.9%
ibm12 1.47% 4.86 -13.83% 3.14 -57.7% 2.18% 4.85 -14.01% 2.22 -70.1%
ibml3 1.60% 3.56 -8.95% 2.29 -76.4% 2.42% 347 -11.25% 2.05 -78.9%
ibm14 1.41% 6.70 -10.90% 3.90 -60.5% 2.72% 6.50 -13.56% 3.59 -63.7%
ibml15 1.05% 8.12 -21.55% 5.17 -75.6% 1.66% 8.01 -22.61% 4.86 -77.1%
ibml6 1.99% 9.55 -6.65% 445 -58.6% 3.00% 9.37 -8.41% 4.46 -58.6%
ibml17 1.76% 14.98 -8.21% 6.19 -64.4% 2.97% 14.86 -8.95% 5.24 -69.9%
ibml8 1.99% 8.35 -8.24% 4.17 -73.4% 2.98% 7.78 -14.51% 4.06 -74.1%
average 1.4% -12.19% -62.8% 2.3% -15.79% -66.2%
TABLE 1V
EXPERIMENTAL RESULTS ON THE MODIFIED ISPD’05 AND ISPD’06 BENCHMARKS
modified mPL6 + NTUplace-DP Augmented Lagrangian + NTUplace-DP
ISPD’05 5 5
ISPD’06 WL (x 10%) RT (hour) WL (x 10%) RT (hour)
global | final | global | total | global | final | diff% | global | total dift%
adaptec2 084 | 086 | 072 | 0.77 || 0.82 | 0.81 | -540% | 0.79 | 0.83 | 6.80%
adaptecd 1.72 1.70 | 3.67 | 3.79 | 1.60 1.56 | -840% | 2.34 | 248 | -34.50%
bigbluel 1.02 | 099 | 0.69 | 073 || 097 | 094 | -5.60% | 0.92 | 095 | 30.20%
bigblue2 1.19 1.14 | 416 | 5.02 | 1.10 1.07 | -6.30% | 2.89 | 3.55 | -29.20%
bigblue3 336 | 324 [ 573 | 6.18 || 348 | 3.36 | 3.60% 5.60 | 618 | 0.00%
bigblue4 7.94 7.73 7.12 7.84 7.99 7.62 | -1.30% 8.48 9.15 16.70%
adaptec5 3.14 3.03 4.13 4.31 3.35 3.20 | 5.70% 3.89 4.08 -5.50%
newbluel 0.65 | 0.63 [ 0.99 1.07 | 0.63 | 0.61 | -2.50% | 1.13 1.21 | 12.80%
newblue2 1.86 1.80 3.27 3.42 1.93 1.82 | 1.20% 2.89 3.07 | -10.10%
newblue3 2.46 2.53 1.71 2.81 241 240 | -5.00% 3.39 4.21 | 49.90%
newblue4 [ 230 | 223 | 340 | 358 | 2.10 | 2.03 | -9.00% | 1.97 | 2.11 | -40.90%
newblue5 | 4.08 | 392 | 595 | 636 | 398 | 3.80 | -3.20% | 546 | 5.83 | -8.40%
newblue6 4.46 4.24 5.67 6.22 4.33 4.12 | -2.80% 5.26 5.71 -8.20%
average -3.00% -1.60%
The placement results of mPL6, SCAMPI [11], the quadratic ~ Although the average overflow after the global placement

penalty method, and the augmented Lagrangian method are
shown in Tables II and III. The data of SCAMPI are obtained
from [11], but the other global placements are fed into the
detailed placer of NTUplace-DP [4] for the final placement.
The overlap-free condition was verified for the final placement.
The column “ovl%” indicates the percentage of overlap after
global placement. The columns “WL” and “RT” are the total
wire length and the total run time for the whole placement,
respectively. The column “diff%” is the relative difference
compared to mPL6. The results show that the methods inte-
grated with the exact gradient computation shorten the run time
by almost 70% and improve the wire length by about 15%.
These results reveal that, for the circuits with large module
size variation, the exact gradient computation leads to faster
convergence and better placement quality.

Moreover, this experiment also shows that the augmented
Lagrangian method performs better than the quadratic penalty
method, both in terms of wire length quality and run time.

of the augmented Lagrangian method is slightly higher than
the quadratic penalty method, the result shows that, within
such small overflow, the global placement of the augmented
Lagrangian method is indeed better because it leads to better
final placement.

The second experiment was performed on the modified
ISPD’05 [8] and ISPD’06 [9] benchmarks. The original bench-
marks mostly consist of movable standard cells and fixed
macros. We modified the benchmarks and made every object in-
side the placement region movable. In addition, the experiment
is run for wire length minimization only instead of density-
aware wire length minimization, as in the placement contests.
The results of the modified benchmarks are shown in Table I'V.
Compared to the mPL6 results, the augmented Lagrangian
method achieves an average of 3% shorter wire length, and
it is as much as 9% shorter. The run time advantage of our
method compared to mPL6 is not as significant as on IBM-HB+
benchmarks, because the macro size variations in the contest
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benchmarks are not as large. We still achieve comparable or
slightly better run time.

VII. CONCLUSION

In this paper, we introduced a general class of density
smoothing operators and developed the theory and efficient
algorithms for computing the gradient of density penalty func-
tions in the nonlinear programming framework. This is the
first time that the density-constrained placement problem with
global smoothing technique can be solved exactly in the gen-
eral nonlinear programming framework. We showed that such
an approach supersedes the existing force-directed placement
methods. The experiment on the IBM-HB+ benchmark shows
the effectiveness of our technique.

Moreover, our approach with efficient computation of the
density gradient shows promise in the application to the fol-
lowing problems: 1) 3-D placement with nonoverlap constraints
and through silicon via density constraints and 2) thermal-
aware placement with temperature constraints.

APPENDIX I

In this section, we perform further analysis on the theorems
described in Section IV and show that they provide the algorith-
mic foundation to explain why the heuristics used in the existing
force-directed methods work in the nonlinear programming
framework. We also show why our approach of using the
quadratic penalty method or augmented Lagrangian method
with efficient gradient computation of the density penalty func-
tion is more general, stable, and theoretically sound.

A. Spreading Effect

If we solve the problem by the quadratic penalty method
discussed in Section III-A, we have to solve ||VQ(Z, 7; )| <
7 multiple times, where —VW L(Z,§) — VP (&, ¥; ) is the
steepest descent direction. The term —VW L(Z, §) is the direc-
tion to reduce wire length, and the term —V Py (Z, ¥ i) has a
spreading effect that leads to a density feasible solution.

It can be proven that there exists a smoothing operator such

that the smoothed density D satisfies D=D g, where D g is
the smoothed density by the Helmholtz equation defined in
Section II-B-1. For small-size modules, the spreading effect
—V Py (Z,4; ) for the kth module in z-direction can be ap-
proximated as follows:

~(b@p-1)0 a%(i )

yr+hie/2 , s
= — / (D (%, 9)— I) (@) + wi /2,0 )dV

Yyr—hi/2

yethe/2 —
+ / <D (Z,9)— I> () — w/2,V)dV/

yr—hg/2
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—~ —~

~ —hy <D (%, 7)— I) (r + wi /2, yx)

—~ —~

+ hy, (D (f,:lj)— I) (l‘k —wk/2,yk)

—~

~ —hpwi0 (D (2, 37)) (@k, Yri)/Ou

~ —hind( Dy (7,9)) (x i) /Ou. (48)

This last expression is exactly the force computation in

mPL6 [3], where O(D g (%, %)) (zk, yr)/Ou was approximated
by a finite difference scheme, and the module area hjwy was
the multiple factor used in mPL6 as a heuristic. From the
assumptions made to reach these approximations, we know that
this heuristic may fail when the module size variation is large.
Compared to the heuristic force computed in [3], the spreading
effect of our method is more general and is able to handle both
small and large modules.

B. Holding Effect

Hold forces are used in Kraftwerk [5], [14]. It is not empha-
sized in [5], but an accumulative force is used in addition to
the current force based on density. This force is the same as
the hold force in [14], which is for the stability and support of
Engineering Change Order. By using our gradient computation
with the augmented Lagrangian method, we also observe the
holding effect in our method.

If we solve the problem by the augmented Lagrangian
method discussed in Section III-B, the multiplier A is updated
by AR = AE=D L AE=D(D (8 7k))— T) at the kth it-
eration. Since (7(®), 7)) is the solution from the (k — 1)th
iteration, we have ||V L 4 (Z®), 7(*®) (k=1 : \(k=1))|| = 0 and

a0
= [Fwr (a0, 70) + TPa (20,50, A6-0; 00} |
- [rwa(e)

SO (B(0.07) )

v b (s
(49)

= [vwL(z9, ) + 2 0 v D (20,79 .

Therefore, —\*) © V D (@®) k) = VW L(Z®), 70).
In Kraftwerk, the hold force at the kth iteration is defined
as Fégfd = VW L(Z®), "), where (£*), §7*)) is the solution
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from the (k — 1)th iteration. It is clear that this holding force is
approximately —\(*) © V D (z(®), 5(¥)).

Moreover, the steepest descent direction of the augmented
Lagrangian function at the kth iteration is

—VWL(E,7) - A © VD(#,§) - VP(7,5:4M)  (50)

where —V Pg (&, 4; u*)) is the spreading effect, as analyzed

in the previous section, and —\*) © V D (&, ) is approxi-
mately the holding force as in Kraftwerk at the starting point
(#®) (%)), The difference between Kraftwerk and our method
is that the holding force is constant during each iteration but
—\*) &V D(Z, ) is not. The study of its effect will be left
for future work.

By using the augmented Lagrangian method, we also sepa-
rate the two kinds of effects, where the holding effect is related
to the Lagrangian multipliers and the spreading effect is related
to the penalty parameters.

APPENDIX II
A. Holder’s Inequality [15]

Suppose 1 <p<oc and pt+¢q 1 =1. If f and g are
measurable functions, then || fg|l1 < || fllpllgllq-
In particular, if f € LP and g € L9, then fg € L'.

B. The Fubini-Tonelli Theorem [15]

Define the z-section f, and y-section f, by f,(y) =
fy(x) = f(x,y), and denote the set of measurable functions
from the set X to [0, 0] by L*(X). Suppose (X, M, u) and
(Y, N, v) are o-finite measure spaces.

(Tonelli) If f e L+(X xY), then the functions g(z) =
[ fo(y)dv(y) and h(y) = [ fy(x)dp(z) are in LT(X) and

L+(Y) respectlvely, and
D= [| [ @ i) aue)

/ Fla.y)d (u(a) x v
— / Uf(x,y) du(x)} dv(y)

(51

(Fubini) If f € L'(ux v), then f, € L'(v) for almost
every z € X, and f, € L'(u) for almost every y € Y; the
almost—everywhere deﬁned functions g(z) = [ fo(y)dv
and h(z) = [ f,(x)du(z) are in L*(p) and L'(v), respec-
tively, and (G2))] holds

APPENDIX IIT

Here we explain step (36) for G with one singularity. This
extends easily for any finite number of singularities. Suppose
that a singularity exists at point (u*,v*) where u* € (x} —
wi /2, xp + wi/2) and v* € (yr — hi /2, yr + hi/2).
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We can rewrite the function at step (35) as
8$k |:T}1—I>Iolo<u7l/7 xk7yk:):| (52)
where
*=1/n yg+hi/2
fo(u, v, zp, y) = G(u, v, V)dv du
zkfwk/2 ykfhk/Q
Tp+wg /2 yp+hi/2
+ / / G(u, v, V)dV'du'.  (53)

u*+1l/n yr—hi/2

Note that each f, is differentiable with respect to xj on
some interval; call it [Ay, B]. By the Leibniz integral rule
we have

9 Ye+hi/2
— f(u, v, o, yg) = G (u, v,z +wy /2, dV'
aﬂ;‘k
Yk—hi/2
Ye+he/2
— / G (u, v,z — w2,V dV'.
ye—hi /2

(54)

Note that since each (9/0xy,) fn (u, v, xk, yx) is independent
of the index n, the sequence converges uniformly on zj €

[Ak, By]
yr+hi /2
/ G(u, v, ) + w2,V )dV/

yr—hi/2

0

T}I_Igo{ax falu, v, xkvyk):|
Ye+he/2

— / G(u, v,z — wy/2,V)dV .

yr—h/2

(55)

We also know that for some xj € [A, Bi] (namely the
original z,), fp (u, v, x, yx) converges
rrtwr /2 yp+he/2
G(u,v,u',V)dv du’

Th—wk /2 Yyr—hi/2

lim f,(u,v, 2k, y) =
n—0o0

(56)

since G € L? C L' in the integrated region.

From [16] we have the result that if f, is a sequence of func-
tions differentiable on [A, B] and such that f,,(x,) converges
for some point z, € [A, B], then f,, converges uniformly to a
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function f, and f'(x) = lim,,_. f}, (). Invoking this result in
the current problem, we obtain

0
|:axkfn(u7 v, xkyyk):| .
(57)

lim fn(uﬂ/vxk?yk)} = lim

Tp Ln—oo n—oo
Substituting (55) on the right hand side, we obtain step (36).
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