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Abstract

In this paper, we give a necessary and sufficient
condition for the existence of partially-dependent functional
decomposition and develop new algorithms to compute
such decompositions. We apply our method to the
synthesis and mapping for Xilinx XC4000 FPGA’s which
contain non-uniform sizes of LUT’s in its architecture. We
develop a new mapping algorithm named PDDMAP which
uses CLB’s to cover nodes on critical paths for depth
minimization and uses LUT’s to cover non-critical nodes
for area minimization. On average, PDDMAP is able to
reduce the depth by 13% with only 1% of increase in area
comparing to the results by FlowMap followed by a CLB
generation procedure match_4k. We also develop a post-
mapping procedure named PDDSYN which resynthesizes
mapping solutions to reduce the mapping area. On average,
PDDSYN is able to improve PDDMAP mapping solutions
by 5% in depth and 7% in CLB count, and achieves 8%
smaller depth and 11% fewer CLB count comparing to
FlowSyn followed by match_4k.

1. Introduction

Given a function f (X) = f (x 1,x 2, . . . ,xn) and a
bound set B = { x 1, . . . , xb}, the disjoint decomposition of
f (X) under the bound set B is a function
g (y 1(B), y 2(B), . . . ,yt(B), xb +1, . . . , xn) = f (X) such that
t < b. When t = 1, it is called a simple disjoint
decomposition. Functions y 1(B) to yt(B) are the encoding
functions and function g is the base function of the
decomposition. The necessary and sufficient conditions for
a disjoint decomposition to exist were given by Ashenhurst
[1], Curtis [10], and Roth and Karp [17] in different forms.
Recently, efficient decomposition algorithms [3, 14, 21]
have been developed based on the functional representation
of reduced ordered binary decision diagrams (ROBDD) [2].
A comprehensive survey of the results on functional
decomposition was given in [7].

In general, the encoding functions may depend on all
variables in the bound set. A partially-dependent
decomposition produces encoding functions which are

independent of some variables in the bound set. Methods to
minimize the support of encoding functions during
decomposition were recently proposed in [12, 15] and
produce good results. However, we observe some
limitations. [12] encodes compatible classes carefully to
eliminate variables from the bound set. But because it is a
strict encoding, [12] does not guarantee to find a partially-
dependent decomposition when there is one. The approach
in [15] builds ROBDD’s to represent implicitly all
assignable encoding functions which are independent of one
variable. This approach is capable of searching for
partially-dependent encoding functions in a large solution
space. However, different encoding functions may partition
the compatible classes in the same way. It is unnecessary to
compute all encoding functions in order to obtain a
decomposition. When there are only few compatible
classes, this approach could be inefficient. Besides, neither
[12, 15] provides a necessary and sufficient condition to
characterize the existence of a partially-dependent
decomposition.

In this paper, we shall present a necessary and
sufficient condition for testing the existence of a partially-
dependent decomposition. Based on this condition, we
develop a partition-based method to compute partially-
dependent decomposition. We apply our method to
technology mapping and synthesis for the Xilinx XC4000
FPGA’s. We develop a new mapping algorithm which uses
CLB’s to cover nodes on critical paths for depth
minimization and uses LUT’s to cover non-critical nodes
for area minimization. We also develop a post-mapping
procedure which resynthesizes mapping solutions to reduce
area. Both applications are based on the partially-
dependent functional decomposition.

The remainder of this paper is organized as follows.
Section 2 formulates the problem, introduces theorems and
gives decomposition algorithms. Section 3 presents a novel
approach for Xilinx XC4000 FPGA technology mapping
and a resynthesis procedure for area minimization.
Experimental results are presented in Section 4. Section 5
discusses future works.

2. Partially-Dependent Functional Decomposition

2.1. Problem Formulation and Theory

Let X = { x 1,x 2, . . . , xn} be a set of Boolean variables
and f (X) = f (x 1,x 2, . . . ,xn) be a Boolean function. Given
B = { x 1,x 2, . . . , xb} a subset of X, let f (B,X −B) also
represent f (X). The support of f (X) is denoted as



sup (f ) = X. Let fx� i
and fxi

represent the cofactors of f (X)
with respect to variable xi . Cofactors of f (X) with respect
to multiple variables are defined in a similar way. For
example, fx 1x

�

2
= f (X) | x 1=1,x 2=0. The cofactor set of f (X)

with respect to B, denoted csB(f ), is the set of all distinct
cofactors of f (X) with respect to the variables in B. Clearly
| csB(f ) | ≤ 2 | B | . We use ROBDD [2] to represent functions
in this paper. For each node u in a ROBDD, let fu denote
the function of the ROBDD rooted at u. Figure 1 shows
three partial ROBDD’s (top 4 levels). In Figure 1(a), fu0

denotes both fx� 1x 2
and fx 1x

�

2
. If B = { x 1,x 2},

csB(f ) = { fu0
, fu1

, fu4
}.

It is clear that csB(f ) represents the set of distinct
columns in the decomposition chart [10] or the set of
compatible classes [21]. Let g (Y (B),X −B) represent the
function g (y 1(B), y 2(B), . . . , yt(B), xb +1, . . . , xn) where
Y (B) = { y 1(B), y 2(B),..., yt(B)}. The condition for a
disjoint decomposition g (Y (B),X −B) of f (X) to exist is
given by the following theorem.

Theorem 1 [1, 10] There exists a decomposition
g (Y (B),X −B) of f (X) under the bound set B if and only if
| csB(f ) | ≤ 2 | Y | where | Y | denotes the number of encoding
functions in Y (B).

In general, encoding functions depend on all
variables in the bound set B. An encoding function yi(B) is
partially-dependent on B if | sup (yi) | < | B | . The
functional decomposition which produces partially-
dependent encoding functions is called partially-dependent
(functional) decomposition. We formulate the following
problem and give a necessary and sufficient condition for
the existence of a partially-dependent encoding function in
a decomposition.

10

0 0 11

u1 u2 u4

(a)

(b) 10

0 0 11

(c) 

f

g

0 1

u3

u1 u2 u4u3

10

0 0 11

g’

u 0

x1

x2

x3

x4

y1

y2

u1 u2 u4u3

y’1

y’2

x4 x4

Figure 1 (a) The function f (top 4 levels). (b) A decomposi-
tion g of f where sup (y 1) = B. (c) A partially-dependent
decomposition g′ of f where x 3 ∈/ sup (y′1).

Partially-Dependent Decomposition (PDD) Problem
Given a function f (X) and a bound set B, construct a
partially-dependent decomposition g (Y (B),X −B) of f (X)
such that | sup (y 1) | is minimum.

Theorem 2 There exists a partially-dependent
decomposition g (Y (B),X −B) of f (X) under the bound set
B with y 1(B) = y 1(x 1, . . . ,xm) if and only if cs { x 1, . . . , xm}(f )
can be partitioned into two sets cs 1 and cs 2 such that

|
h ∈ cs 1

∪ csB(h) | ≤ 2 | Y | −1 and |
h ∈ cs 2

∪ csB(h) | ≤ 2 | Y | −1.

Please refer to [8] for a detail proof. The methods for
computing single and multiple partially-dependent encoding
functions are discussed in Section 2.2.

We illustrate the theorem by an example. Consider a
function f (X) of which the ROBDD is in Figure 1(a). Let
B = { x 1,x 2,x 3}. Since csB(f ) = { fu1

, fu2
, fu3

, fu4
}, according

to Theorem 1, there exists a decomposition of f (X) which
requires two encoding functions. Let g (Y (B),X −B) be a
decomposition of f (X) such that gy

�

1y
�

2
= fu1

, gy
�

1y 2
= fu2

,
gy 1y

�

2
= fu3

and gy 1y 2
= fu4

. The ROBDD of g (Y,X −B) is
shown in Figure 1(b). In sum of product form, we compute
y 1(B) = x 1x 2 + x 2x 3 + x 1x 3 and y 2(B) = x 1x 2 + x 1x

�

3 + x 2x
�

3.
Note that both y 1(B) and y 2(B) depend on all variables in
the bound set B. Let’s compute the following cofactor sets
of f (X): cs { x 1,x 2}(f ) = { fu0

, fu1
, fu4

}, csB(fu0
) = { fu2

, fu3
},

csB(fu1
) = { fu1

}, and csB(fu4
) = { fu4

}. We can partition
cs { x 1,x 2}(f ) into two sets { fu0

} and { fu1
, fu4

}, such that
| csB(fu0

) | = 2 and | csB(fu1
) ∪ csB(fu4

) | = 2. According to
Theorem 2, there exists a decomposition g′(Y′(B),X −B) of
f (X) such that y′1(B) = y′1(x 1,x 2). We construct
g′(Y′(B),X −B) by defining g′y′

� �

1y′
� �

2
= fu1

, g′y′
� �

1y′2 = fu4
,

g′y′1y′
� �

2
= fu2

and g′y′1y′2 = fu3
. The ROBDD of g′(Y′,X −B) is

shown in Figure 1(c). In sum of product form, we compute
y′1(B) = x

�

1x 2 + x 1x
�

2 and y′2(B) = x 1x 2 + x 2x 3 + x 1x 3. Note
that y′1(B) does not depend on the variable x 3. As a result
we have found a partially-dependent decomposition
g′(Y′(B),X −B) of f (X).

A special case of the partially-dependent
decomposition is the non-disjoint decomposition where
B ∩ sup (g) ≠ ∅. B ∩ sup (g) is the set of non-disjoint
variables which appear as inputs to both the base function
and the encoding functions. [14] gave a necessary and
sufficient condition for non-disjoint decomposition and an
algorithm to compute it. However, the approach does not
relate disjoint and non-disjoint decompositions and is not
easy to apply. Later, [15] pointed out that selecting
encoding functions of single variable leads to a non-disjoint
decomposition so that non-disjoint decomposition becomes
a special case of disjoint decomposition with support
minimization. If we let m = 1 in Theorem 2, we obtain a
condition for y 1(B) to be a single variable encoding
function, i.e., a non-disjoint variable x 1. For the existence
of a general non-disjoint decomposition, we have the
following corallary.



Corallary 2.1 There exists a non-disjoint decomposition
g (Y (B),S,X −B) of f (X) under the bound set B with S ⊂ B
being the set of non-disjoint variables, if and only if
| csB(h) | ≤ 2 | Y | for every cofactor h ∈ csS(f ).

The proof is omitted and can be found in [8]. Note
that we do not treat non-disjoint variables as encoding
functions in this corallary. Efficient computation for non-
disjoint decompositions are introduced in the next section.

2.2. Algorithms for the PDD Problem

Based on Theorem 2, we can compute a partially-
dependent encoding function y 1 of minimum support for
the PDD problem. The algorithm is listed in Figure 2. Let
m = | sup (y 1) | . We start with testing m = 1. For each
variable xi ∈ B, we reorder the ROBDD of f (X) such that xi
is the first variable in the ordering. Then we compute
csB(fx� i

) and csB(fxi
). Note that cs { xi}(f ) can only be

partitioned into { fx� i
} and { fxi

}. An encoding function
y 1(xi) exists if and only if | csB(fx� i

) | ≤ 2 | Y | − 1 and
| csB(fxi

) | ≤ 2 | Y | − 1. In this case, y 1(xi) is a non-disjoint
variable. It is interesting to notice that searching for a non-
disjoint variable is the simplest case in our approach, while
the method in [15] is most efficient in computing encoding
functions of | B | − 1 variables. In general, the existence of
non-disjoint variables (i.e. non-disjoint decomposition) can
be tested efficiently in our approach. For example, for
testing x 1, x 2 as non-disjoint variables, we shall examine
| csB(fx� 1x

�

2
) | , | csB(fx� 1x 2

) | , | csB(fx 1x
�

2
) | and | csB(fx 1x 2

) | ,
respectively. In Figure 2, if we fail the test of m = 1, we try
m = 2 by generating all 2-variable subsets of B. The
procedure terminates when all ( | B | −1)-variable subsets of
B have been tested.

In the worst case, the algorithm will try 2 | B | − 2
subsets of B as the support set of y 1. For each subset
{ z 1, . . . , zm} ⊂ B, it partitions the cofactor set
cs { z 1, . . . , zm}(f ) into cs 1 and cs 2 to satisfy Theorem 2. For a
cofactor set of k members, there are 2k possible partitions.
Hence the complexity of our algorithm is exponential. In

� �����������������������������������������������������������������������������������������������

function Min_Support_Y1 ( f , X , B )
/* f (X) = input function, B = bound set, return y 1 */
for m = 1 to | B | − 1 do

for each set { z 1, . . . , zm} ⊂ B do
Compute cs { z 1, . . . , zm}(f )
for each partition cs 1 and cs 2 of cs { z 1, . . . , zm}(f ) do

if cs 1 and cs 2 satisfies Theorem 2 then
for each cofactor f (b 1, . . . ,bm,X −B) ∈ cs 1 do

y 1(b 1, . . . ,bm) = 1
for each cofactor f (b 1, . . . ,bm,X −B) ∈ cs 2 do

y 1(b 1, . . . ,bm) = 0
return y 1(z 1, . . . ,zm)

� �����������������������������������������������������������������������������������������������

Figure 2 Computing an encoding function of min. support.

order to compute a partition in reasonable time, we use a
dynamic programming algorithm similar to that for the
number partitioning problem [11]. Details can be found in
[8]. In the application to FPGA synthesis, we usually have
| B | = 5. For m ≤ 3 our method is quite efficient. When
m = 4 and a large number of partitions which satisfy
Theorem 2 are detected, we limit m to 3 in our
implementation for partially-dependent decomposition.

To complete a decomposition, we need to compute
| Y | encoding functions. An encoding function yi(B) is said
assignable to another encoding function yj(B) if they
together partition csB(f ) into four subsets such that each
subset contains at most 2 | Y | − 2 cofactors [21]. After
obtaining y 1 by Min_Support_Y1, we can compute a
minimal-support encoding functions y 2 assignable to y 1 in
a similar way, and repeat the process for remaining
encoding functions. Or, we can modify the algorithm in
Figure 2 to compute all partially-dependent encoding
functions and select a maximum number of mutually
assignable encoding functions from the set to construct a
decomposition of as many partially-dependent encoding
functions as possible. Details can be found in [8].

3. Applications of Partially-Dependent Functional
Decomposition

Before we describe our applications, we introduce
some notations. Given a network N, let Nv denote the
subnetwork consisting of node v and all the predecessors of
v. Given a subnetwork H, let input (H) denote the set of
nodes outside H which supply inputs to H. A cut in Nv is a
partition (Xv ,X

� �

v) of nodes in Nv such that primary inputs
(PI’s) are in Xv and v ∈ X

� �

v . The cutset of the cut, denoted
n (Xv ,X

� �

v), is input (X
� �

v). The cut is K-feasible if
| n (Xv ,X

� �

v) | ≤ K. Let fv(Xv ,X
� �

v) denotes the function of v
with respect to the cut. The height height (v) of a node v is
the number of edges on the longest path from any PI to v.
The height of a cut, denoted height (Xv ,X

� �

v), is the maximum
height of nodes in the cutset. A min-cut of height p in Nv
can be computed using the max-flow min-cut algorithm [5].
A fanout-free cone (FFC) at v, denoted FFCv , is a cone
rooted at v such that for every u≠v ∈ FFCv ,
output (u) ⊆ FFCv [6]. The MFFC at v, denoted MFFCv , is
the FFC at v which contains a maximal number of nodes.
An important property of MFFC is that two MFFC’s are
either disjoint or one contains another [6]. As a result, any
network can be uniquely partitioned into a set of MFFC’s.

3.1. XC4000 CLB Functional Capability

The Xilinx XC4000-families configurable logic block
(XC4000 CLB) contains three LUT’s F, G and H as shown
in Figure 3 [22]. Four independent inputs (F1-F4 and G1-
G4) are provided for each of two 4-input LUT’s F and G.
The LUT H has inputs from F, G and a third input from
outside the block (H1). With this design, a XC4000 CLB
can be used to implement (i) any two functions of up to four
variables, or (ii) any single function of five variables, or (iii)



any function of four variables together with some function
of five variables, or (iv) some function of up to nine
variables. The flexibility provided by XC4000 CLB,
however, also creates a great deal of difficulty to have
efficient use of all resources.

To implement a Boolean network on XC4000
FPGA’s, the common approach is to first map the network
into a K-LUT network and then pack the K-LUT network
into XC4000 CLB’s. The number K can be set to either 4
or 5. If we set K = 4, every two 4-LUT’s in the mapping
solution can be implemented by the F and G LUT’s in a
XC4000 CLB, but the H LUT is left unused. Alternatively,
the RASP system [9] set K = 5 to generate 5-LUT mapping
solutions followed by a routine match_4k to decompose
each 5-LUT into either (i) a 4-LUT feeding into a 2-LUT
(which we call a 4-2 decomposition). or (ii) two 4-LUT’s
feeding into a 3-LUT (which we call a 4-4-3
decomposition). In a 4-2 decomposition, only the F and H
LUT’s of a XC4000 CLB are used. As a result, the G LUT
is saved for another 4-LUT. Our experiments show that
over 90% of 5-LUT’s in MCNC benchmark mapping
solutions have 4-2 decomposition. By matching a 5-LUT
(with 4-2 decomposition) with a 4-LUT, the XC4000 CLB
can be used efficiently.

Although both approaches take advantage of XC4000
CLB structure to some extent, they do not exploit the
possibility of using a single CLB to implement a function of
more than five variables (wide functions). At first it may
seem unlikely. There are 264 distinct functions of six
variables. A XC4000 CLB can implement at most 240

functions since it has only 32 + 8 = 40 memory bits for logic
functions. That is only 1 / 224 of all 6-variable functions.
For K > 6, the percentage becomes even lower. However,
our experiments show 99% of 6-input cones and 65% of 7-
input cones in all MCNC benchmarks can be implemented
by XC4000 CLB’s (see Table 1 for more details).

From a functional decomposition point of view, a
XC4000 CLB can implement any function of the form
g (y 1(X 1), y 2(X 2), xn) where X = { x 1,x 2, . . . , xn}, n ≤ 9,
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Figure 3 Simplified Block Diagram of XC4000 CLB

X 1, X 2 ⊂ X, | X 1 | ≤ 4 and | X 2 | ≤ 4. We call this form the
XC4000-CLB form. A function f (X) can be implemented
by a XC4000 CLB if f (X) can be transformed into the
XC4000-CLB form. For example, when n = 5, the Shannon
expansion f (X) = x

�

5 fx� 5
+ x 5 fx 5

transforms f (X) into the
XC4000-CLB form, where fx� 5

and fx 5
correspond to y 1 and

y 2 respectively and g (y 1, y 2, x 5) has the functionality of a
2-input multiplexer. For n > 5, we consider the following
two categories of functions.

Category I A function f (X) belongs to this category if
| X | = 6 and it can be decomposed into the form
g (y 1(x 1,x 2,x 3,x 4), x 5, x 6). In a XC4000 CLB, the F LUT
will implement y 1(x 1,x 2,x 3,x 4) and the H LUT will
implement g (y 1, x 5, x 6). Note that if x 5 is the output of a
fanout-free LUT L of no more than four inputs, the G LUT
in the CLB can be used for L. Otherwise, the G LUT is
used by x 5.

Category II A function f (X) belongs to this category if
5 < | X | ≤ 9 and it can be decomposed into the form
g (y 1(B 1), y 2(B 2), xn) where B 1, B 2 ⊂ X − { xn}, | B 1 | ≤ 4,
| B 2 | ≤ 4 and 2 < | csX−{ xn}(f ) | ≤ 4, In a XC4000 CLB, the
F and G LUT’s will implement y 1(B 1) and y 2(B 2)
respectively and the H LUT will implement g (y 1, y 2, xn).

In the description for Category I, it is easy to see
g (y 1(B), x 5, x 6) is in fact a simple disjoint decomposition
of f (X) under the bound set B = { x 1,x 2, x 3,x 4}. We have
the following observation for Category I.

Observation 1 A function f (x 1,x 2, . . . ,x 6) belongs to
Category I if and only if | csB(f ) | = 2 where
B = { x 1,x 2, x 3,x 4}.

In the description for Category II, it is easy to see
g (y 1(B 1), y 2(B 2), xn) is a partially-dependent
decomposition of f (X) under the bound set B = X − { xn}.
The condition 2 < | csB(f ) | ≤ 4 is to ensure two encoding
functions (each has no more than four variables) instead of
one encoding function of n − 1 variables (when
| csB(f ) | = 2). We have the following observation for
Category II.

Observation 2 A function f (X) belongs to Category II if
and only if there is a partially-dependent decomposition of
f (X) under the bound set B = X − { xn} such that
| sup (y 1) | ≤ 4 and | sup (y 2) | ≤ 4.

Note that Category I and II do not include all
functions that a XC4000 CLB can implement. For example,
f (X) = g (y 1(X 1), y 2(X 2)) can be implemented by a
XC4000 CLB (H1 stuck at 0 or 1) but f (X) is not in either
category. However, with only these two categories of
functions, we can implement a large percentage of 6- and
7-input cones in technology mapping for XC4000 FPGA’s.

3.2. Technology Mapping for XC4000 FPGA’s

Given XC4000 CLB architecture, we can set K = 9 in
technology mapping for XC4000 FPGA’s and apply
Observation 1 and 2. But considering the success rate of



mapping wide functions to XC4000 CLB and the
computing time, we select K = 7 in our implementation. For
K = 7, we try to cover networks by CLB’s (not only LUT’s)
directly. In the FlowMap algorithm [5] the label of a node v
is defined to be the minimum level of v in any LUT
mapping solutions. We call it the LUT label of v,
lut_label (v). Similarly, the minimum level of node v when
the network is covered by CLB’s is called the CLB label of
v, clb_label (v). In general, clb_label (v) ≤ lut_label (v).
The largest CLB label in a network N is called the CLB
depth CLB_depth (N) of the network. The algorithm which
computes CLB labels is listed in Figure 4. Note that if we
try all possible cuts of height max_label − 1 in lines 9 to 19,
the algorithm will compute the minimum CLB label for
each node. However, we only consider two cuts (max. and
min. volume min-cuts) in our implementation. The cut for
each node is saved during the CLB label computation.

We design a new mapping algorithm, PDDMAP, to
map an input network to a network of CLB’s and LUT’s.
The use of CLB’s for wide functions in general will
decrease the depth of mapping solution. However, the use
of 5-LUT’s is more area efficient because most of them
have 4-2 decompositions. PDDMAP first computes LUT
labels and CLB labels for all nodes in the network. A
primary output v is a critical primary output if
LUT_label (v) ≥ CLB_depth (N). PDDMAP covers critical
primary outputs and their fanin networks using CLB’s to
obtain minimal CLB depth in the CLB mapping phase. For
the remaining non-critical primary outputs and their fanin
networks, PDDMAP will use 5-LUT’s or smaller LUT’s to
cover them for area minimization in the LUT mapping
phase. Finally, PDDMAP performs a matching on LUT’s
and packs matched LUT’s into a minimum number of

���������������������������������������������������������������������������������������������

1 function Compute_CLB_Label ( N , K )
2 /* N = input network, K = max. CLB input size */
3 /* output = clb_label (v) for all v ∈ N */
4 for each node v ∈ N in topological order do
5 if v is a primary input
6 clb_label (v) = 0
7 else
8 max_label = max { clb_label (u) | (u,v) ∈ N}
9 Compute a cut (Xv ,X

� �

v) of height max_label − 1
10 if | n (Xv ,X

� �

v) | ≤ 5
11 clb_label (v) = max_label
12 else if | n (Xv ,X

� �

v) | ≤ K
13 Compute function fv(Xv ,X

� �

v)
14 if fv(Xv ,X

� �

v) belongs to Category I or II
15 clb_label (v) = max_label
16 else
17 clb_label (v) = max_label + 1
18 else if | n (Xv ,X

� �

v) | > K
19 clb_label (v) = max_label + 1
���������������������������������������������������������������������������������������������

Figure 4 Computing CLB labels for network nodes.

CLB’s using the match_4k procedure developed in [9]. The
PDDMAP mapping algorithm is outlined in Figure 5.

In order to find the best cut (Xv ,X
� �

v) in Nv when
mapping node v for area minimization in the LUT mapping
phase, PDDMAP computes a set C (v) of all 5-feasible cuts
for every node v (from PI’s to PO’s in topological order)
based on the suggestion of [18]. For a node v, this set C (v)
can be computed by merging cuts from all sets C (ui) where
(ui ,v) ∈ N and accepting only 5-feasible cuts in the merged
set. Although there are O (n 5) 5-feasible cuts in the worst
case, [18] pointed out that average number of cuts per node
is usually smaller than 100 for a 2-input network.

After computing the set of all 5-feasible cuts for
every node v ∈ N, PDDMAP estimates the mapping area
(counted in number of CLB’s) for Nv rooted at v from PI’s
to PO’s in topological order as follows. If v is a PI node,
the mapping area for Nv is zero. For an internal node v and
a cut (Xv ,X

� �

v) ∈ C (v), the estimated mapping area for Nv ,
denoted CLB_countv(Xv ,X

� �

v), is computed by the following
formula

CLB_countv(Xv ,X
� �

v) =

ui ∈ S1

Σ | output (ui) |
CLB_count (ui)
������������������������� +

ui ∈ S2

Σ ε + costv(Xv ,X
� �

v)

where S 1 ⊆ n (Xv ,X
� �

v) is the set of nodes not yet mapped as
CLB or LUT, S 2 ⊆ n (Xv ,X

� �

v) is the set of nodes already
being mapped as CLB or LUT, ε is a small value, and

� �������������������������������������������������������������������������������������������

function PDDMAP ( N )
/* input = Boolean network N */
/* output = mapped network of CLB’s and LUT’s */
Compute lut_label (v) for every v ∈ N
Compute clb_label (v) for every v ∈ N and save the cut

which achieves the label
CLB_depth (N) = max{ CLB_label (v) | v ∈ N}
/*--- CLB Mapping Phase ---*/
for each PO v of LUT_label (v) ≥ CLB_depth (N) do

Get saved cut (Xv ,X
� �

v) of height clb_label (v) − 1
Map X

� �

v to a CLB
Map every u ∈ n (Xv ,X

� �

v) recursively using CLB’s
/*--- LUT Mapping Phase ---*/
Compute C (v) of all 5-feasible cuts for every v ∈ N
for each remaining PO v do

Compute CLB_countu(Xu,X
� �

u) for all u ∈ Nv and
(Xu,X

� �

u) ∈ C (u) from PI’s
Select (Xv ,X

� �

v) of minimum CLB_countv(Xv ,X
� �

v)
Map X

� �

v to a LUT
Map every u ∈ n (Xv ,X

� �

v) recursively using LUT’s
Collapse N to a network of CLB’s and LUT’s
Match LUT’s using match_4k in [8]
Pack matched LUT’s into CLB’s and return

� �������������������������������������������������������������������������������������������

Figure 5 The PDDMAP algorithm.



costv(Xv ,X
� �

v) is the cost of mapping v using a XC4000 CLB
with n (Xv ,X

� �

v) as inputs. The first term is the area
contributed by implementing nodes in S 1 with consideration
of possible sharing of each ui ∈ S 1 among its fanouts. In
the second term, ε is set to be very small as ui ∈ S 2 have
been implemented as CLB or LUT but we still want to
minimize the fanin size of the current CLB. The third term
is the area cost of mapping node v itself. If | n (Xv ,X

� �

v) | ≤ 4,
costv(Xv ,X

� �

v) is 0.4 CLB as it can be implemented by the F
or G LUT in a CLB. If | n (Xv ,X

� �

v) | = 5 and fv(Xv ,X
� �

v) has a
4-2 decomposition, costv(Xv ,X

� �

v) is 0.6 CLB as it can be
implemented by the F or G LUT plus the H LUT.
Otherwise, costv(Xv ,X

� �

v) is 1.0 CLB. The estimated
mapping area in CLB count for Nv would be the minimum
CLB_countv(Xv ,X

� �

v) for all cuts (Xv ,X
� �

v) ∈ C (v).

3.3. Resynthesis of Mapping Solutions

Direct synthesis for LUT-based FPGA produces
excellent results in both area and depth for MCNC
benchmarks [13, 21, 16]. The ROBDD’s of functions are
computed first, and multiple output functional
decomposition and support minimization techniques are
applied to produce LUT networks. However, it might be
difficult to compute ROBDD’s for large circuits.
Alternatively, [19, 4] integrate synthesis into technology
mapping. For example, the FlowSyn algorithm [4]
synthesizes subnetworks to obtain depth below the
combinatorial limit of technology mapping. Since synthesis
is applied locally, this approach can be used for large
circuits.

We propose a new approach named PDDSYN which
resynthesizes any mapping solutions for area minimization.
The resynthesis is based on partially-dependent
decomposition for small encoding functions (less than five
variables). Alternatively, we can select a bound set of up to
nine variables and implement encoding functions by
XC4000 CLB’s. But our experiments show very few (6%)
six variable encoding functions ( | B | = 6) can fit XC4000
CLB’s. So we only consider | B | ≤ 5. Our post-mapping
resynthesis has two advantages over synthesis during
mapping. First, we may resynthesize the network
iteratively for continuous decrease of network area.
Second, we can calculate the area gain precisely during
post-mapping resynthesis. Such gain is difficult to estimate
during the mapping phase since the final mapped network is
not constructed yet. We outline the PDDSYN algorithm in
Figure 6.

PDDSYN is based on resynthesis of nodes (either
CLB or LUT) with respect to a cut. Let N be a CLB/LUT
network, v be a node in N, and (Xv ,X

� �

v) be a cut in Nv . If
| n (Xv ,X

� �

v) | ≤ 7, PDDSYN will first try to replace X
� �

v by a
single CLB. If it cannot be done or | n (Xv ,X

� �

v) | > 7, the
ROBDD of fv(Xv ,X

� �

v) is computed and a LUT network Rv

with n (Xv ,X
� �

v) as inputs will be synthesized through a series
of partially-dependent decomposition. The area gain is the
CLB count of MFFCv (not X

� �

v) minus the CLB count of Rv

� �����������������������������������������������������������������������������������������

function PDDSYN( N )
/* input = CLB/LUT network N */
/* output = resynthesized CLB/LUT network N′ */
repeat

/*--- MFFC RESYNTHESIS ---*/
Partition N into MFFC’s
for each MFFC MFFCv do

Resynthesize MFFCv into Rv
if Rv < MFFCv in CLB count

Replace MFFCv by Rv
/*--- MIN-CUT RESYNTHESIS ---*/
for each node v ∈ N do

for p = height (v) − 1 to 0 do
Compute a min-cut (Xv ,X

� �

v) of height p
Resynthesize X

� �

v into Rp(Xv ,X
� �

v)
Let Rv be the Rp(Xv ,X

� �

v) of min. area for all p
for each node v ∈ N in reverse topological order do

if Rv < MFFCv in CLB count
Replace MFFCv by Rv

until no further improvement
return resynthesized N′

� �����������������������������������������������������������������������������������������

Figure 6 The PDDSYN algorithm.

(since some LUT in X
� �

v may fanout to LUT’s outside X
� �

v).
The MFFCv will be replaced if the area gain is positive.

Two kinds of resynthesis are performed in PDDSYN:
the MFFC resynthesis and the min-cut resynthesis. In
MFFC resynthesis, the input network N is partitioned into
MFFC’s and each MFFC is resynthesized for a smaller
area. This process terminates when every MFFC has been
tried for a resynthesis. The min-cut resynthesis includes
two phases. In phase I, PDDSYN computes the best
alternative network Rv rooted at LUT v ∈ N as follows.
First, the min-cuts of height p in Nv , 0 ≤ p < height (v), are
computed. For each min-cut (Xv ,X

� �

v) of height p, a LUT
network and its area gain is computed. PDDSYN chooses
the one of largest positive gain as Rv for v. In phase II,
PDDSYN traverses N from PO’s to PI’s and replaces each
LUT v of positive area gain by Rv if LUT v still fanouts.
The LUT’s with zero fanout will be removed from N in the
traverse.

4. Experimental Results

We have implemented PDDMAP and PDDSYN in C
language and incorporated our implementation into the SIS
[20] and the RASP [9] FPGA logic synthesis package. We
test our algorithms using MCNC combinational benchmarks
on a SPARC 5 workstation with 96MB of memory. The set
of benchmarks are first optimized for area and then
decomposed into 2-input simple-gate multi-level networks
using standard SIS routines. The same set of benchmarks
has been widely used in previous mapping experiments.
We shall compare our results with those from FlowMap [5],
TechMap-D [19], FlowSyn [4] and BoolMap-D [16].



In our first experiment, we collect statistics of
implementing wide functions in technology mapping using
XC4000 CLB’s. For every node in MCNC benchmarks, we
compute all 6-input and 7-input cuts of the node. For each
node with respect to each cut, we compute the function and
test if it belongs to Category I or II. The results are shown
in Table 1. Numbers in columns All are the total numbers
of cuts. Numbers in columns I and II are the percentage of
cuts with respect to which the node functions are in
Category I and II respectively. Functions which have less
than six observable variables are not shown in the table. In
summary, 99% of 6-input cones and 65% of 7-input cones
can be covered by XC4000 CLB’s in our approach. This
high percentage is the reason why PDDMAP can reduce the
depth of mapping solutions by using XC4000 CLB’s. On
the other hand, much lower percentage of wide encoding
functions can be transformed into the XC4000-CLB form
during post-mapping resynthesis. The last two columns
show the numbers of 6-variable encoding functions
produced (in column All) and those implementable by
XC4000 CLB’s (in column CLB) during functional
decomposition ( | B | = 6). Only 6% of encoding functions
can be implemented by XC4000 CLB’s.

We use PDDMAP to generate mapping solutions for
MCNC benchmarks. In order to compare our results with
previous results, we use a procedure match_4k proposed in
the RASP system [9] to transform LUT networks into
XC4000 CLB networks. The match_4k procedure
decomposes every 5-LUT into either a 4-LUT feeding into
a 2-LUT (a 4-2 decomposition) or two 4-LUT’s and one 3-
LUT (a 4-4-3 decomposition) and computes a maximum
matching for LUT’s which can be packed into one CLB.

�����������������������������������������������������������������������������������������������������������
6-input cuts 7-input cuts 6-var. y (B)���������������������������������������������������������������������������������������

Circuit All I II All I II All CLB�����������������������������������������������������������������������������������������������������������
5xp1 551 66% 32% 1028 0% 73% 10 1
9sym 1283 78% 21% 2398 0% 74% 63 2
9symml 1188 80% 19% 2312 0% 70% 56 0
C499 25429 81% 15% - - - 100 6
C880 9139 87% 10% 23739 1% 74% 187 14
alu2 7383 84% 14% 20407 2% 68% - -
alu4 17117 83% 13% 47571 2% 63% - -
apex4 32589 92% 8% 76921 0% 58% - -
apex6 4570 89% 11% 8708 0% 75% 158 13
apex7 1648 88% 8% 3639 3% 77% 65 5
count 1595 83% 10% 3077 5% 65% 49 3
duke2 6042 91% 6% 13730 3% 67% 141 5
e64 3933 100% 0% 8553 0% 0% 109 0
misex1 516 79% 15% 835 0% 58% 2 0
rd84 2412 81% 18% 5569 0% 71% 30 0
rot 6335 84% 13% 14205 1% 76% 173 15
vg2 1328 85% 15% 2913 0% 74% 27 4
z4ml 368 81% 16% 769 0% 67% 2 0�����������������������������������������������������������������������������������������������������������
Total 123426 86% 11% 236374 1% 63% 1172 68�����������������������������������������������������������������������������������������������������������
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Table 1 Statistics of mapping wide functions by XC4000
CLB’s.

Experiments show match_4k can reduce the size of
mapping solutions (from LUT’s to CLB’s) significantly.
We run FlowMap followed by match_4k to produce one set
of CLB mapping solutions for comparison. The results are
in Table 2. Comparing to FlowMap followed by match_4k,
PDDMAP is able to decrease CLB depth by 13% with only
1% increase of CLB’s.

We tested PDDSYN on CLB networks generated by
PDDMAP and compared the resynthesized CLB networks
with the results by FlowSyn [4] followed by match_4k, and
also with the LUT mapping results by TechMap-D [19] and
BoolMap-D [16]. Because the two sets of data in [19, 16]
are from LUT mapping solutions, only their depths are used
for direct comparison. From Table 3 and Table 2, we see
PDDSYN is able to improve PDDMAP mapping solutions
by 5% in depth and 7% in CLB count. Comparing to the
results by FlowSyn and match_4k, PDDMAP together with
PDDSYN produce results which are 8% smaller in depth
and 11% smaller in CLB count. The subtotal in Table 3 is
calculated from benchmarks which are tested by TechMap-
D. The overall mapping depth by PDDSYN is slightly
larger than the depth of BoolMap-D mapping solutions, but
is substantially smaller than that of TechMap-D mapping
solutions.

5. Future Work

Currently, we are studying the complete functional
characterization of the XC4000 CLB based on the
partially-dependent decomposition.

���������������������������������������������������������������������������������������������������
FlowMap PDDMAP�������������������������������������������������������������������������������

Circuit d clb T(s) d clb T(s)���������������������������������������������������������������������������������������������������
5xp1 3 17 0.3 2 16 6.6
9sym 4 35 0.5 4 36 13.3
9symml 5 37 0.5 4 36 14.2
C499 5 83 6.9 5 81 128.2
C880 8 132 3.6 7 131 52.7
alu2 8 94 2.5 7 99 78.9
alu4 10 149 6.4 7 176 138.6
apex4 6 425 13.1 5 435 122.3
apex6 4 160 2.2 4 138 31.4
apex7 4 46 0.7 3 54 9.9
count 3 44 0.6 3 32 9.7
des 3 676 18.2 4 664 879.6
duke2 4 99 1.6 3 111 24.3
e64 3 84 1.4 3 80 15.9
misex1 2 10 0.2 2 10 3.7
rd84 4 29 0.6 4 26 12.2
rot 6 143 3.0 5 154 38.1
vg2 4 23 0.3 3 23 5.8
z4ml 3 7 0.1 2 5 3.9���������������������������������������������������������������������������������������������������
Total 89 2293 62.7 77 2307 1589.3���������������������������������������������������������������������������������������������������
ratio 1 1 87% 101%���������������������������������������������������������������������������������������������������
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Table 2 Comparison of mapping results of FlowMap and
PDDMAP for XC4000 FPGA.



� ���������������������������������������������������������������������������������������������������
PDDMAP FlowSyn TechMap-D BoolMap-D�����������������������������������
PDDSYN match_4k�������������������������������������������������������������������������������

Circuit d clb d clb d lut d lut� ���������������������������������������������������������������������������������������������������
5xp1 2 12 2 14 2 17 2 13
9sym 3 5 3 7 3 9 3 7
9symml 3 5 4 38 3 9 3 7
C499 5 72 4 56 4 148 4 101
C880 7 131 8 142 7 213 7 146
alu2 7 85 6 122 8 197 4 43
alu4 7 146 8 312 - - 7 268
apex4 5 433 6 513 - - - -
apex6 4 131 4 178 5 252 4 189
apex7 3 52 4 46 4 86 3 78
count 3 29 3 43 4 71 2 42
des 4 662 3 544 8 1395 3 594
duke2 3 108 4 111 4 175 5 193
e64 3 80 3 83 - - - -
misex1 2 7 2 10 2 18 2 15
rd84 2 8 3 10 3 16 2 10
rot 5 153 6 164 6 315 6 228
vg2 3 23 4 23 4 36 4 30
z4ml 2 4 2 4 2 9 2 5� ���������������������������������������������������������������������������������������������������
Total 73 2146 79 2420� ���������������������������������������������������������������������������������������������������
Subtotal 58 1487 62 1512 69 2966 56 1701� ���������������������������������������������������������������������������������������������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

Table 3 Comparison of mapping results by PDDSYN,
FlowSyn, TechMap-D, and BoolMap-D.
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