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E'eMSIT—{E} we! E'eMSIT—{E} we!
1
SMSIT,E, E,W) = K1 + Kz > F(E' E)- (21)
E'€eMSIT—{E} wer
O(MSIT,E,E\W) = K- > F(E,E"Y -wg + K3- > F(E,E"
E'eMSIT—{E} E'eMSIT—{E}
+ K4 -G(E) + Ks-H(E) (22)
We can then rewrite the objective function (7) as follows:
1
H(MSIT,E,W) = W(MSIT.E,E,W) + S(MSIT,E,E,W) - we + O(MSIT.E, EW)-—  (23)
wE

Since (20)—(22) depend only on the wire width assignment for edges other than E, for simplicity, we use
YW, E),®(W, E) and O(W, E) instead of YW(MSIT, &, ELW), ®(MSIT, £, E,W) and O(MSIT,E, E, W),
respectively.

Because W(W, E), ®(W, E), and O(W, E) are independent of wg, they are considered as constants for
local refinement of F. Minimizing (23) gives the local refinement @wg of segment E. Notice that for any
pair of wiresizing solutions W and W' such that W' dominates WW. We have ®(W,E) > ®(W' E) and
oW, E) < oW E).

Let w}, be the width for segment £ in the optimal assignment WW*. Since wg is the local refinement for £
with respect to W, we have:

YW, T) + oW, B)-dp + OW.F)- — < YW F) + 8, T) -wh + OW.F)- —  (24)

wg Wg
Since wj, is also the locally optimal width assignment for edge £ with respect to the rest of the width assignment
in W*, we have:
— — — 1 — — — 1
WOV B) + oW ) wip + OOV ) — < WOV T) + (W, F) -uip + OV F) - = (25)
B WE

Summing up (24) and (25), we obtain:

oW, E) —o(W*, B)} - e — wp)} + {e<w,E>—e<w*,E>}-{é— 1} < 0

WEg wg
oW*, ) — oW, )

~ *
WE - Wg

:>{<I>(W,E)—<I>(W*,F)+ }~{@E—wg} < 0

If W dominates W*, we have ®(W, E) < ®(W*, E) and O(W*, E) < O(W, E), and therefore wg — w} > 0.8
That is, the refinement of W still dominates W*. Similarly, if W* dominates W, then WW* dominates the local

refinement of W. O

8 When both @(W,E) = @(W*,E) and @(W*,E) = @)(VV,E)7 the only possible is that wg: = w}, for E' £ E because W

dominates W*. Thus, according to the definition of local refinement, wg = w}. So we always can say that wg — w}, > 0.
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We then have:
tssT2(LST) = Hpi + ZHP,Q(b)
beB
Because the wire widths in both SST and P are given, Hp; is a constant which depends only on the wire
widths in SST and P. For any b € B, Hp2(b) is a function whose variables are the widths of the edges in SST,
P and b. Therefore, the contribution of b to the objective function (7) is independent of any other subtree in

B. Clearly, the separability within an LST" holds. a

B. LST Monotone Property

Theorem 2 For an MSIT, there exists an optimal wiresizing solution W* where the wire widths decrease
monotonically rightward within each LST in the MSIT.
Proof: Based on the definition of the coefficient functions F'; G and H, it is not difficult to show for any

particular LST"

F(E\,Ey) > F(Ey,Eb) if Eo, EY € LST, Eo € Right(E})
F(Ey, Ey) > F(E. E) if Ey,E, € LST, Ey € Left(E))
G(E)) > G(E}) if Ey,E, € LST, Ey € Left(E})
H(E)) > H(E) if By, E, € LST, Ey € Left(E))

)

I
=
S
S

if Fy,Fy€ LST, By € Right(E1)

where E € Right(E') if E is right to E' and E € Left(E') if E is left to E'.
In this case, the left-right relationship in an LST is the same as the ancestor-descendant relationship in an
SSIT. If we replace the ancestor-descendant relationship in the proof of the SSIT monotone property in [7]

by the left-right relationship, the proof is applicable to the LST monotone property. a

D. Dominant Property

Theorem 3 If a wire width assignment W dominates W* for an MSIT, then any local refinement of W still
dominates W*. Similarly, if a wire width assignment W is dominated by W*, then any local refinement of W
is dominated by W*.

Proof: Similar to the proof of the dominance property in [11], we define the following equations for any

particular edge E:

wen

W(MSIT,E,E,W) = K- Y we + Ks- > F(E' E").

We
E'eMSIT-{E} E!E"eMSIT—{E} E'£E" B
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We then have:

(T, Ra, W) = tssr1 + Z tsst 2(LST)
LSTec

where ts57,1 is a constant because it depends only on the width assignment of the source subtree SST'. For
any LST € L, tsgr,2(LST) is a function whose only variables are the wire widths of the loading subtree LST
(assuming that the wire widths in the SST are given). Since the contribution from each loading subtree LST
to the summation is independent of each other, ¢(M SIT, R4, W) is optimized if and only if for each LST € C,
tssr,2(LST) is optimized. The separability between LSTs follows as a consequence.

In order to prove the separability within an LST, let B = {b1,bs,...,b,} be the set of subtrees branching off
from the path P. We define:

Skiows + Y wEE)ZE 4 3 /J(E,E/)~£

Wg WE
EeP EeSST,E'eP E,E'eP,E#£E’
> w(E, E") —+§u(E—+§¢>
wWEg wg
E E'€P,E#£E' EeP EeP
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7 Conclusions and Future Work

The results in this paper have shown convincingly that proper sizing of the wire segments in multi-source
nets can lead to significant reduction in the interconnect delay. We have also developed an efficient wiresizing
algorithm using (coarse) variable segment-division, which achieves the same optimal wiresizing solutions as the
optimal wiresizing algorithms based on the finest segment-division, but uses much less computational time.
In order to further reduce the interconnect delay in multi-source nets, we plan to study the simultaneous
driver and wire sizing problem for multi-source nets. Also, we would like to develop efficient multi-source
wiresizing algorithms for multiple-objective optimization to minimize delay, area, and power dissipation and

explore the tradeoff among these objectives.
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Appendix: Proofs of Theorems 1-3
A. LST Separability

Theorem 1 Given the wire width assignment of the SST, the optimal width assignment for each LST branching
off from the SST can be carried out independently. Furthermore, given the wire width assignment of both the
SST and a path P originated from the root of an LST, the optimal wire width assignment for each subtree
branching off from P can be carried out independently.
Proof: In essence, the first part of the LST separability is the separability between LSTs, the second part is
the separability within an LST. We shall first prove the the separability between LSTs.

Let £ ={LSTy, LSTs,--LST,,} be the set of loading subtrees branching off from the source subtree SST.

To simplify the notations, we define:

WE,E) = Ky F(E,E')
W(B,E') = Ks-F(E,E'
WE) = Ki-G(E)
(L) = Ks-H(E)

We then rewrite Eqn. (7) as a function of the loading subtrees in £ and the source subtree SST"

B 1
WMSIT,ReW) = 37 Kiwp + 3 wWBE) B+ 3w )t
EeMSIT E,E'eMSIT E#E' WE E,E'eMSIT E#£E WE
1 1
Y owm = Y et
EeMSIT E EeMSIT B
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Overall Best-100 (Elmore Delay) Best-10 (Elmore Delay)
Ranking Difference | Suboptimality | Ranking Difference | Suboptimality | Ranking Difference | Suboptimality
netl 10.07/1000 0.55% 4.51/100 0.0195% 0.70/10 0.0022%
net2 10.05/1000 0.12% 4.41/100 0.0197% 0.80/10 0.0023%
net3 2.068/1000 0.03% 0.72/100 0.0039% 0.00/10 0.0000%
netd 37.30/1000 0.26% 12.6/100 0.0410% 2.20/10 0.0150%
net5 56.95/1000 0.33% 25.9/100 0.0580% 3.00/10 0.0110%
neté 9.570/1000 0.04% 3.95/100 0.0069% 0.60/10 0.0018%

Table 9: Average difference in ranking and the corresponding suboptimality for Intel nets based on 0.5um
CMOS technology

according to the Elmore delay model). We report in Table 9 the suboptimality average over all solutions in
each column. Because it tells us how much the relative delay difference in terms of the SPICE-computed delay
is for certain ranking difference, it is a more direct metric for fidelity.

Over the 1,000 random solutions for each net, the average ranking differences are between 2.068 and 56.95
of 1,000, and the average suboptimalities between 0.03% and 0.55%. Thus, on average, the optimal wiresizing
solution according to the Elmore delay model may be 0.03%—0.55% worse than the SPICE-computed optimal
solution.

We also choose the best 100 and 10 wiresizing solutions according to the Elmore delay model for each random
solution set, respectively. Then, we compute the average ranking differences and the average suboptimalities.
It is interesting to find that the better the wiresizing solutions according to the Elmore delay model, the less
the suboptimality they have. For example, among the 1,000 random wiresizing solutions for netl, the average
suboptimality is 0.55% for all 1,000 solutions, while only 0.0195% for the best 100 and, even less, 0.0022% for
the best 10. If we assume that these random solutions are uniformly distributed in the overall solution space,
it suggests that, in general, in the area near the optimum in the solution space, the Elmore delay model has a
even higher fidelity.

Based on data of the best 10 for every random solution set, the optimal wiresizing solution according to
the Elmore delay model is less than 0.015% worse than the optimal solution according to the SPICE-computed
delay.® Thus, we believe that the Elmore delay model has really high fidelity for wiresizing optimization.
Furthermore, this conclusion is applicable to all other wiresizing works [11, 7, 23] where the Elmore delay
model is used as well.

In our SPICE simulation, the inductance is not taken into consideration under this assumption that the
inductive effect is negligible under the current CMOS technology. Even though the higher-order delay model
is used in [26, 27], the same assumption is made there. The fidelity will be studied in the future for the MCM

technology where the inductive effect tends to be no longer negligible.”

6We also enumerate the wiresizing solutions for netl and net2 by assuming that each segment in the routing tree has a uniform
wire width. Even higher fidelity is observed when compared with this set of random wiresizing experiments. For these two nets,
the Elmore delay model gives the best 5 solutions same as those according to the SPICE-computed delay.

"It was pointed out in [2] that the Elmore delay model still has high fidelity for topology optimization even when the inductance
is taken into consideration in MCM technologies.
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running time. In Table 8, the BWSA-based algorithm is just OWBR, i.e., BWSA to compute lower and upper
bounds, followed by enumerating for the SST and OWSA for LSTs. The GWSA-based algorithm is just to
replace BWSA by GWSA in the OWBR scheme. OWBR is observed to run more than 100x faster than the
GWSA-based algorithm.

netl | net2 net3 net4 net5 net6
GWSA-based algorithm (s) 0.07 | 8.18 | 172.37 | 15.67 | 38.10 | 227.92
BWSA-based algorithm (s) 0.07 | 0.15 0.37 0.37 0.97 3.37

Speedup factor of BWSA-based algorithm 1 54.5 465.8 42.3 39.3 67.63

Table 8: Total running time comparison between GWSA-based and BWSA-based algorithms

It is worthwhile to mention that BWSA gives identical lower and upper bounds for net3 while GWSA does
not, which is also an example of existence of multiple £p-tight bounds for the optimal solution as mentioned
in Section 5.1.B. Also note that, in case of OWBR, the total running time is not dominated by the time to
compute lower and upper bounds, one reason is that the current implementation builds the data structure
for the finest edge-division even if the bundled refinement does not need it at all. Thus, the total running
time still can be further reduced in future implementation without building the data structure for the finest

edge-division.
6.3 Fidelity of the Elmore Delay Model

The concept of fidelity of the Elmore delay model was introduced by Boese et al in [2] for the routing tree
topology optimization, which was used to measure if an optimal or near-optimal solution according to the
Elmore delay model is also also be nearly optimal according to the actual delay (e.g., computed using SPICE).
We shall investigate the fidelity of the Elmore delay model for the optimal wiresizing problem to find out how
good the solution given by our optimal wiresizing solution is in terms of the real delay.

We measured the fidelity on the real multi-source nets given in Table 5. We compared both the weighted
average Elmore delay and the weighted average 50% delay computed by SPICE. The ranking technique similar
to [2] was used: We first rank wiresizing solutions according to their Elmore delays, then rank them according to
their SPICE-computed delay, and find the average difference between the two rankings. Because the number of
total wiresizing solutions is prohibitively large to enumerate, we randomly generated 1,000 wiresizing solutions
by assuming minLength = 10um, computed both SPICE and Elmore delays of these solutions and ranked
them.

Table 9 shows the fidelity of the Elmore delay model against the SPICE-computed 50% delay for wiresizing
optimization. Besides the ranking difference, another metric suboptimality is presented as well. It is computed
in the following way: Let the average ranking difference is d. For a wiresizing solution whose SPICE-computed
delay ranking is i, we compute the relative difference between the (i + d)-th and i-th SPICE-computed delays,
together with that between the (i — d)-th and i-th SPICE-computed delays. The larger one of the two relative

differences is regarded as the possible suboptimality of this wiresizing solution (if it is regarded as optimum
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We applied our OWBR algorithm to these routing trees and wiresizing results are shown in Table 6.
The opt_msws solutions consistently outperform the min_width solutions with as much as 36.3% and 23.5%
reduction on the maximum delay and the average delay, respectively.

It is interesting to observe that although the average delay is the objective of our algorithms, all experimental
results show that this formulation reduces the maximal delay substantially as well. Also, the delay reduction

for nets with larger span is more significant.

Normalized Area Maximum Delay (ns) Average Delay (ns)
opt_msws min_width opt_msws min_width opt_msws
netl 1.000 0.1435 0.1435 (0.0%) 0.1260 0.1260(0.0%)
net2 1.044 0.2572 | 0.2567 (-0.2%) 0.2004 | 0.1994(-0.50%)
net3 1.475 0.5230 | 0.4025 (-23.0%) | 0.3504 | 0.3241(-7.5%)
net4 2.000 0.5853 | 0.4873 (-16.7%) | 0.5007 | 0.3846(-23.2%)
net5 1.775 0.9496 | 0.7635 (-19.6%) | 0.6375 | 0.5711(-10.4%)
net6 2.706 3.4505 | 2.1979 (-36.3%) | 1.8968 | 1.4512(-23.5%)

Table 6: Multi-source wiresizing results on several nets in an Intel microprocessor layout

6.2 Speed-up Using Variable Edge-Division

A. Results on Random Nets

GWSA Running Time (s) | 113.18 | 39.15 | 42.52 | 87.82 | 66.60 | 87.12 | 66.10 | 49.75 | 160.98 | 31.88
BWSA Running Time (s) | 0.98 0.01 0.03 0.3 0.05 0.17 0.03 0.05 1.83 0.2
Speedup factor of BWSA | > 100 | > 1000 | > 1000 | > 100 | > 1000 | > 100 | > 1000 | > 100 | > 100 | > 100

Table 7: Performance comparison between GWSA and BWSA

The ten eight-pin nets used in the above subsection were test for both CMOS and MCM technologies. We
compared the CPU times to obtain the lower and upper bounds of the optimal wiresizing solution, used by
GWSA under the finest edge-division and by BWSA under the refined edge-division, respectively. Results for
multi-source wiresizing in the CMOS technology are reported in Table 7 with the speed-up ranging from a
factor of two orders of magnitude to a factor of three orders of magnitude. In all these experiments, both
BWSA and GWSA provide the convergent lower /upper bounds, i.e., the optimal solutions are achieved just by
lower and upper bound computations. Since BWSA can be used for single-source wiresizing as well, we also
test both algorithms again by assuming there is only one source together with eight timing critical sinks in

each net. Similar speed-up factors were obtained.’

B. Results on Industrial Nets

Furthermore, we applied both BWSA and GWSA algorithms to the set of Intel nets. Because the time to

compute the lower/upper bounds for most nets in this set is too small to measure, we compared the total

5In the theoretical sense, BWSA tends to achieve even higher speed-up factor in case of a single source where the monotone
wiresizing range is even larger, when compared with the multi-source case.
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up to 32.1% and 26.7% for the MCM technology, respectively. The single-source wiresizing method is clearly
not applicable to the MSWS problem.

B. Results on Random Nets

1C Normalized Area Maximum Delay (ns) Average Delay (ns)
(pm) opt_msws min_width opt_msws min_width opt_msws
23650 2.618 3.5595 | 8.1487 (-11.54%) | 2.3474 | 2.1153(-9.88%)
18430 1.674 41752 | 4.0000 (-4.20%) 2.5582 | 2.3982(-1.84%)
13820 2.321 6.5797 | 5.4534 (-17.1%) 2.2206 | 2.0319(-8.50%)
12550 1.775 77205 | 6.3024 (-18.4%) 45778 | 4.0538(-11.4%)
MCM | Normalized Area Maximum Delay (ns) Average Delay (ns)
(pm) opt_msws min_width opt_msws min_width opt_msws
236500 1855 5.1556 | 4.1462 (-19.57%) | 3.4335 2.9410(-14.3%)
184300 2.153 5.5607 | 4.6929 (-15.60%) | 3.2055 2.8979(-9.60%)
138200 2.333 8.4482 | 6.9962 (-17.2%) 27345 | 2.4349(-10.96%)
125500 2.106 9.1050 | 8.2007 (-9.93%) 54380 | 5.0314(-7.47%)

Table 4: Multi-source wiresizing results on random nets

Ten eight-pin nets with pins randomly distributing in a 1000 x 1000 grid and routed by the 1-Steiner algorithm
[19] are used in our experiments. For each eight-pin random net, eight timing-critical source-sink pairs are
chosen randomly. Wiresizing is carried out under both the CMOS technology and the MCM technology by
treating each grid edge as a uni-segment. Table 4 shows the comparison of the min_width and opt_msws
wiresizing solutions for four of such nets. Clearly, opt_msws solutions consistently outperform the min_width
solutions. On average, we observe 12.8% and 7.9% reduction of the maximum delay and the average delay
among eight critical source-sink pairs in each net for the submicron IC technology, respectively, and 15.6% and

10.6% for the MCM technology, respectively.

C. Results on Industrial Nets

We also tested our algorithms on several real multi-source nets provided by Intel [3]. These nets were extracted
from the top-level floorplan of a high-performance microprocessor. Most pins of these nets can serve as both
inputs and outputs, and all pairs between sources and sinks (excluding feedthrough pins) are considered to be
timing critical. We use 1-Steiner tree algorithm [19] to route these nets. Table 5 summarizes the routing trees

for these nets.

total pin number | total segment number | total wire length (um)
netl 3 4 3600
net2 4 6 6600
net3 9 13 10070
net4 4 5 10570
net5 11 10 16980
net6 19 19 31980

Table 5: Routing trees for

cessor

multi-source nets extracted from the layout for a high performance Intel micropro-
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technology and 100 pum for the MCM technology, respectively.

| Technology: | Integrated Circuits (ICs) | Multi-Chip Modules (MCMs)

Driver Resistance: 156 Q 25 Q
Wire Resistance (£2/0): 0.044 0.02
Loading Capacitance: 3.720 fF 1000 fF
Wire Capacitance (area) (aF/um?): 41.3 3.46
Fringing Capacitance (2 sides) (aF'/um): 150 50.4
Minimum Uni-segment Length minLength : 10 pm 100 pm

Table 2: Technology parameters based on submicron CMOS and MCM designs.

6.1 Comparison between Different Wiresizing Solutions

In this subsection, we will report SPICE-computed delay instead of calculated Elmore delay values. The use
of SPICE simulation results not only shows the quality of our MSWS solutions, but also verifies the validity of
our interconnect modeling and the correctness of our MSWS problem formulation.

Let min_width be the wiresizing solution with minimum wire width W everywhere, opt_ssws be the wire-
sizing solution given by the optimal SSWS algorithms[11, 7], and opt_msws be the wiresizing solution given
by our optimal MSWS algorithms. Also, let wire length denote the total wire length of a routing tree, and
normalized area denote the area ratio of wiresizing solution versus the min_width wiresizing solution, which is
equivalent to the average wire with if the minimum wire width W is scaled to 1. Both mazimum delay and
average delay are only in terms of critical source-sink pairs. In the following experiments, we assign A% = 1 for
a critical source-sink pair and A¥ = () otherwise, thus, the objective in equation (7) is equivalent to the average

delay among critical source-sink pairs.

A. Results on Simple Artificial Nets

Wiresizing results on the four-pin H-topology interconnect tree in Figure 1 are shown in Table 3, for both the
CMOS technology and the MCM technology. Compared to the min_width solutions, the opt_ssws solutions
may have larger maximum delay and consume larger routing area, while our opt_msws solutions reduce the

maximum delay and the average delay by up to 32.7% and 25.5% for the CMOS technology, respectively, and

Total Wire Length 300 um 3000 pum
IC Wiresizing min_width opt_ssws opt_msws min_width opt_ssws opt_msws
Maximum Delay (ns) 0.345 0.347(40.6%) | 0.287(-16.8%) 2.58 2.47(-4.3%) | 1.73(-32.7%)
Average Delay (ns) 0.303 0.290(-4.3%) | 0.268(-11.5%) 2.08 1.89(-9.1%) | 1.55(-25.5%)
Normalized Area 1 2.13 2.33 1 2.42 3.44
Total Wire Length 3000 pm 30000 pm
MCM Wiresizing min_width opt_ssws opt_msws min_width opt_ssws opt_msws
Maximum Delay (ns) 0.417 0.425(+1.9%) | 0.406(-2.63%) 4.76 4.94(+4.3%) | 3.23(-32.1%)
Average Delay (ns) 0.361 0.359(-0.6%) | 0.321(-11.1%) 3.70 3.46(-6.5%) | 2.71(-26.7%)
Normalized Area 1 2.39 1.83 1 2.49 3.44

Table 3: Comparison of min_width, opt_ssws and opt_msws solutions on a four-source tree with H-topology
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5.2 Optimal Wiresizing Algorithm Using Bundled Refinement

Based on the BWSA algorithm, an efficient optimal wiresizing algorithm using bundled refinement (OWBR
algorithm) has been developed. Given an MSIT, OWBR first computes a lower bound and an upper bound
of the optimal wiresizing solution using BWSA. If the lower and upper bounds meet, which is very likely in
practice, we get the optimal wiresizing solution immediately. Otherwise, the optimal solution shall be found
between the lower and upper bounds where them do not meet.

Because the separability and the monotone property hold in LSTs, the optimal single-source wiresizing
algorithm, named OWSA [11], can be used for LSTs. The OWSA algorithm is a polynomial-time algorithm
based on the dynamic programming method. However, since the separability in SST does not hold in general,
the wire width assignments for non-convergent uni-segments in the SST need to be enumerated subject to the
local monotone property.

Thus, if the lower and upper bounds obtained by BWSA do not meet for all uni-segments, OWBR first
enumerates the wire width assignments for the SST between the lower and upper bounds and subject to the
local monotone property. Then, OWSA is applied independently to each LST to compute an optimal wiresizing
solution between the lower and upper bounds during each enumeration of the SST'.

Our experiments show that BWSA gives the convergent bounds on all uni-segments in an MSIT for almost all
cases. For those cases which have non-convergent uni-segments, the percentage of non-convergent uni-segments
is very small. Moreover, the gap between the lower and upper bounds on each non-convergent uni-segment is

also very small (usually being one in our experiments). Therefore, OWBR runs very fast in practice.

6 Experimental Results

We have implemented the OWBR algorithm in ANSI C for the Sun SPARC station environment and tested our
algorithm on a large number of M SIT's for MCM and submicron IC technologies, including several multi-source
nets extracted from the layout of an Intel high performance microprocessor. In this section, we shall present
both the comparison of different wiresizing solutions and the comparison between the BWSA algorithm and
the GWSA algorithm.

The parameters used in our experiments are summarized in Table 2. The IC technology parameters are
based on the 0.5um CMOS process from North Carolina Microelectronic Center (MCNC)[25], and the MCM
technology parameters were obtained from [12]. The loading capacitance in IC technology is the total gate
capacitance of a minimize size transistor in the MCNC 0.5um CMOS, while the minimum loading capacitance
in MCM technology is the pad capacitance of 1000fF on MCM substrate. The driver resistance is assumed to
be fixed during wiresizing.

The wire width choices are { W, 2W, 3W, 4W, 5W}, where W is the minimum wire width (0.95um in the
IC technology and 10um in the MCM technology). Note that our algorithms are still valid if the wire widths

are not integral multiples of the minimum width. The minimum uni-segment lengths are 10 pm for the IC
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the wiresizing solution being the maximum wire width assignments, which is an upper bound of W* and is
represented by the dark line. Each traversal will generate a better solution that is closer to and still dominates

W*. Figure 8.b is the worst case after a traversal where the area of solution space is reduced by one unit.

wire width

wire length

@) (b)

Figure 8: The wiresizing solutions (dark lines) before and after a traversal of local refinements on n min-
segment. (a). The initial wire sizing dominates the optimal solution W* and the area of solution space is
(r—1)-n. (b). A worst case after a traversal where the area of solution space is only reduced by one unit (the
pruned area is grey).

The overall worst case is that GWSA prunes the whole solution space into a line by total (r—1)-n traversals.
Recall that a traversal costs O(n?), so the worst case complexity of GWSA is O(n® - r).

Note that the single-sided GWSA (either beginning with the maximum or the minimum wiresizing solutions)
and the double-sided GWSA (beginning with the maximum and the minimum wiresizing solutions, respectively)
have the same worst-case complexity, because the worst-case occurs when the whole solution space is pruned
into a line (in this case, we obtain the optimal solution by just performing local refinements). Due to this
reason, we will only consider the BRU (bundled refinement for upper bound) in Part II for the complexity
analysis for BWSA.

Part IT: In BWSA, the number of uni-segment m is increased when the segment is refined recursively, clearly
m is always bounded from the above by the total wire length n, thus the complexity of a traversal in BWSA
is O(m?) = O(n?).

However, there maybe two types of traversals in BWSA. One is effective traversal which prunes the solution
space by at least one unit, thus the total number of effective traversal is less than (r — 1) -n. The other is non-
effective traversal which does not prune the solution space and its total number is less than In n due to our binary
segment refinement scheme. Thus, the worst case complexity of BWSA is O((r—1)-n + Inn)-O(n?) = O(n3-r).
O

It is worthwhile to mention that one bundled refinement will prune the solution space by ng units, if the
uni-segment is ng long. In practice, the final uni-segment is often much longer than min-segment, thus BWSA
runs much faster than GWSA. Such experiments will be presented in Section 6.2. In fact, because BWSA runs
much faster than GWSA and obtains the lower/upper bounds same tight as those obtained by GWSA, we

always use BWSA instead of GWSA | except for the comparison aim.
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Theorem 6 The lower and upper bounds provided by BWSA are Ep-tight.

Proof: If £ is the segment-division after BWSA| for any uni-segment £ under £, F is longer than minimum
uni-segment length minLength if and only if E is an convergent uni-segment, whose bound can not be tightened
any more.
If £ is munLength long, according to Lemma 9, its lower and upper bounds obtained by bundled refinements
are same as those obtained by local refinements under £r. Therefore, Theorem 6 holds. a
Basically, Theorem 6 suggests that the quality of the wiresizing solutions obtained by the BWSA algorithm
starting from the coarsest segment-division is as good as those obtained by the GWSA algorithm under the

finest segment-division Ep.

C. Complexity

In order to analyze the complexities for both GWSA and BWSA the following notations will be introduced. Re-
call that our MSWS/E problem aims to find the optimal wiresizing solution for every wire which is minLength
long. In order to achieve the required accuracy, the finest segment-division & where each uni-segment is
minLength long must be used by GWSA, while BWSA can determine a proper, usually coarser, segment-
division during the wiresizing procedure. For the simplicity of presentation, we will use min-segment exclusively
for the uni-segment which is minLength long. If we use minLength as the wire length unit, the total wire
length n is a natural metric for the problem size.

We will prove the following Theorem 7.

Theorem 7 Given an MSIT and v wire width choices, if the total wire length is n when minLength is regarded
as the length unit, both GWSA and BWSA have the worst-case complezity of O(n3-r) for the MSWS/E problem.

Proof: Two parts are to be presented with the first one for GWSA and the second one for BWSA.

Part I: Beginning with a wiresizing solution, GWSA traverses the MSIT to perform local refinement for every
uni-segment. The traversal is repeated until there is no improvement on the last round of traversal. Note
that if there are m uni-segment in the MSIT, each traversal costs O(m?), because each uni-segment is locally
refined exactly once, and each refinement takes O(m). This complexity holds under the assumption that the
coefficient functions F,G and H defined in (8)-(10) have been computed before the wiresizing procedure. Thus,
the traversal has the same complexity for both SSWS and MSWS formulations except that it takes slightly
higher costs to compute F, G and H in the MSWS formulation.

The finest segment-division £y must be used for GWSA for the MSWS/E problem. Given an MSIT with
total wire length of n, the total number of min-segments, i.e., uni-segments under the finest segment-division
Er, is also n. Thus, each traversal in GWSA has complexity of O(n?).

Let all wiresizing solutions comprise a two-dimension space with one axis wire width, the other axis wire

length. The worst-case complexity of GWSA is illustrated by Figure 8. Figure 8.a is the initial case with
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Function gBWSA_L/U(minLength, &, Wiswer /Wupper)

Given the minimum uni-segment length minLength, an segment-division £, a lower/upper
bound Wiower /Wapper of the optimal wiresizing solution, and a set of possible wire widths
{W1, Wa,---, W, }, return a tighter lower/upper bound.

*/
W — Wlower/wupper;
do
progress «— false;
for each uni-segment £ of £ do
w — BRL(minLength, &, Wiswer, E) or BRU(minLength, &, Wapper, E);

if w # W(E) then

progress — true; W(E) — w;
end if
end for;
while progress = true;
return W,

end Function;

Function SBSR(minLength, &, Wiower, Wupper)
Given the minimum uni-segment length minLength, an segment-division &, a lower bound

/*
* and an upper bound of the optimal wiresizing solution, for each non-convergent uni-
*  segment, if it is longer than minLength, divide it into two uni-segments, each inherits
*  the bounds(Selective Binary Segment-division Refinement). Once the segment-division has

*x/ been refined, set the flag not_done true.

not_done — false;

for each uni-segment E of £ do

if Wiower (E) # Wupper(E), and E is longer than minLength

divide E into two uni-segments with (nearly) equal lengths;
not_done «— true;

return £ and not_done;

end Function;

Function BWSA(M SIT, minLength)
/: Given an M SIT, the minimum uni-segment length minLength and a set of possible wire

N widths {W1, Wa, -+, W,.}, return the lower and upper bounds of the optimal wiresizing
solution of the M SIT by applying gBWSA L() and gBWSA_U() with a recursively refined

segment-division.

*

g/(_ MSIT: Wiower — Wi; Wupper — Wy

do
Wiower — gBWSA L(minLength, £, Wiswer );
Wapper — gBWSAU(minLength, &, Waupper);
& — SBSR(minLength, &, Wiower , Wupper );

while not_done

return Wisyer and Wypper;

end Function;

Table 1: Bundled Wiresizing Algorithm (BWSA)

With this definition, we can prove the following important result concerning the optimality of the BWSA

algorithm.
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refinement operations instead of local refinement operations, and a gradually refined segment-division rather
than a fixed one. BWSA achieves the same optimal lower and upper bounds for much less computation costs

when compared with GWSA.

A. Overview

Starting with the coarsest segment-division &y, we perform BRU and BRL iteratively through an MSIT. We
assign the minimum width to all uni-segments (in this case, each uni-segment is a segment), then traverse MSIT
and perform BRL operation on each uni-segment. This process is repeated until no improvement is achieved
on any uni-segment in the last round of traversal. Because the minimum wire width assignment is dominated
by the optimal wiresizing solution, the result wiresizing solution is still dominated by the optimal solution and
is a tighter lower bound of the optimal wiresizing solution. Similarly, we assign the maximum width to all
uni-segments and perform BRU operations, obtain a tighter upper bound of the optimal wiresizing solution.
This is the first pass of BWSA.

After each pass, we check the lower and upper bounds. If there is a gap between the lower and upper bounds
for an uni-segment (which is called an non-convergent uni-segment) and it is still longer than the minimum
uni-segment length minLength, we divide it into two uni-segments of the almost equal length (they may differ
by minLength in order to maintain a valid segment-division ), and let each uni-segment inherits the lower and
upper bounds of their parent. After the refinement of all non-convergent uni-segments, another pass to tighten
the lower/upper bounds is carried out by performing bundled refinement operations under the refined segment-
division. Note that the bundled refinement is only needed for uni-segments who are just refined, because only
these uni-segments are not convergent.

This BWSA algorithm iterates through a number of passes until we either have the identical lower and
upper bound for all uni-segments under current division (in this case we get an optimal wiresizing solution), or

each non-convergent uni-segment is minLength long.

B. Optimality

In order to discuss the optimality of the lower and upper bounds obtained by the BWSA algorithm, we define

the following Ep-tight lower and upper bounds.

Definition 3 If a wiresizing solution W dominates the optimal solution W* and can not be further refined by
any local refinement operation under the finest segment-division Ep, W is an Ep-tight upper bound. Similarly,
W is an Ep-tight lower bound if W is dominated by W* and can not be further refined by any local refinement

operation under Ep.

It is worthwhile to mention that there may be more than one Ep-tight upper (or lower) bounds of an W*. An

example of non-unique Ep-tight bounds will be given in Section 6.2.B.
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Again assuming uni-segment £ is in segment S, according to Lemma 3

G(E1) =G(Ey) =---=G(E)=G(9)
H(E,))=H(E;)=---=H(E)= H(S)
As a result, Lemma 8 holds. a

According to Lemma 8 and (23) defined in Appendix for the local refinement, we can conclude that the

following Lemma 9 holds.

Lemma 9 When given the wiresizing solution W and any particular uni-segment E, the local refinement result

for E with respect to W is independent of the segment-division of uni-segments other than E.

Theorem 5 (Bundled Refinement Property) Let W* be an optimal wiresizing solution under Ep. If a
wiresizing solution W dominates W*, then the wiresizing solution obtained by any BRU operation under any
segment-division & on W still dominates W*. Similarly, if W is dominated by W*, then the wiresizing solution

obtained by any BRL operation under any segment-division £ on W s still dominated by W*.

Proof: For any particular uni-segment E under the current segment-division & in segment S of an MSIT,
it may be divided into k£ uni-segments under the finest segment-division £p. From left to right, let them be
Ly = Epy, Epo, Eps, ..., Epp, = E,.

Without loss of generality, we assume Fi(S) > F.(S). For a wiresizing solution W which dominates the
optimal solution W*, let W’ be the wiresizing solution after performing an BRU operation of W on £ under &.
Then, we have w,b = wh, = why = ... = w? according to the definition of the BRU operation. Meanwhile, let
W* be the optimal solution. We have w} > why > whg > ... > w; according to the local monotone property.

According to Lemma 9, w! is also the local refinement result for uni-segment E; under £p. Therefore,
w! > wi. As a result, w! = wh, = why = .. = wd > w} > wh, > why > ... > w;. Recall that the
bundled refinement of uni-segment E does not change the wire width for any uni-segment E’ other than

Ey, Epy, Eps, ..., E,. Thus, W? still dominates W*.

The BRL case can be proved in a similar way. a

5 Optimal Wiresizing Algorithm
5.1 Bundled Wiresizing Algorithm

The greedy wiresizing algorithm GWSA was given in [11]. Working on an a priori defined segment-division,
GWSA can use local refinement operations to compute the lower/upper bounds of the optimal wiresizing
solution starting with the minimum and maximum wire width assignments, respectively. Our bundled wiresizing
algorithm (BWSA) (Table 1) computes the lower/upper bounds of the optimal wiresizing solution for an

MSIT, also starting with the minimum and maximum wire width assignments, respectively, but using bundled
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Concerning the bundled refinement, a property similar to the dominance property for the local refinement
will be given as Theorem 5, which leads to the bundled wiresizing algorithm in Section 5.1. In the following,
Lemmas 8-9 are first presented and proved. The reader may go to Theorem 5 directly by taking it for granted,

without any difficulty to understand the algorithm in Section 5.1.

Lemma 8 Given an MSIT, a segment-division £ and a wiresizing solution W, for any particular uni-segment
E under &, if we divide F into a sequence of uni-segments F1, Fs, -+, and Ey, let each new uni-segment inherits
the wire width assignment of E, and denote the resulting segment-division and wiresizing solution £ and W',
respectively, then the following relations with respect to (20)-(22) defined in Appendiz hold for any uni-segment
E’ other than F.

W(MSIT,E, E', W) =W (MSIT, &' E' W)

S(MSIT E, E'\ W) = ®(MSIT, &' E", W)

O(MSIT,E, E', W) =O(MSIT, &' B! W) *

Proof: It is not difficult to verify that Lemma 8 is true if the followings hold:

F(E\, E') = F(Ey,E') = ---= F(E,E')
F(E',E\) = F(E',Ey) = ---= F(E',E)
G(By) = G(Bs) = - - = G(E)
H(E,) = H(Ey) = --- = H(E)

Assuming uni-segment E' is in segment S. There are two cases for uni-segment E’:

Case 1: E’ is also in the same segment S, according to Lemma 1, if E is left to £,

F(Ey,E') = F(Es,E') = ---= F(E,E') = Fi(5)

F(E/,El) :F(EI,E2): "':F(EI,E):FT(S)
if F is right to F’,

F(Ey,E') = F(Esy, E') = ---= F(E,E') = F,(5)

F(E',Ey)= F(E',Ey) = ---= F(E',E) = Fy(S)

Case 2: F’ is in segment S’ different from segment S, according to Lemma 2

F(Ey,E')=F(Ey,E'Y=---= F(E,E') = F(S,5")

F(E' Ey\)=F(E' Ey)=---= F(E' E)=F(5,5)

‘ 4In general, under the modeling method used in [11, 7, 5, 23], for the Elmore delay 1% between source N; and sink Ny, we have
tI(E, W) =t (E',W'). Le., the Elmore delay is independent of the segment-division when given the wiresizing solution.
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Figure 7 illustrates the concept of the bundled-segment by showing the optimal wiresizing solution for
segment S in an MSIT. It has twelve uni-segments under the finest segment-division £p (see Figure 7.a), and
just three bundled-segments (see Figure 7.b). Clearly, the segment-division defined by the bundled-segments
can achieve the wiresizing accuracy same as that obtained by the finest segment-division &p.

For a long segment or a small minLength in order to achieve a more optimized wiresizing solution, the
number of uni-segments under the finest segment-division tends to be quite large while the number of bundled-
segments in the segment is always bounded by a really small constant, as given by the following Corollary 1 to

the local monotone property (Theorem 4).

Corollary 1 FEach segment in an MSIT has at most r bundled-segments where r is the number of possible wire

width choices.

Obviously, using the segment-division defined by the bundled-segments can achieve the required optimal
solution for the most low costs. An operation which computes the optimal width for a bundled-segment directly,
instead of treating it as a sequence of uni-segments under the finest segment-division g, will be presented in

the next subsection.

4.2 Bundled Refinement Operations

Let W be a wiresizing solution which dominates the optimal solution W*, and E be a uni-segment under the
current segment-division £ and in segment S. Without loss of generality, we assume Fj(S) > F.(S) and treat
E as two uni-segments E; and E;. E; is the leftmost part of E, with length minLength (recall minLength
is the length for a uni-segment in the finest segment-division £r); E is the remaining part of E. Let wpg,
be the locally optimized width for E; based on the objective function (7) while keeping the width assignment
of W on E; and any uni-segment E’ other than E. Then, wg, is regarded as a refined upper bound of the
entire uni-segment & (not only E;). This operation is called a bundled refinement operation for the upper bound
(BRU).

The rational for the BRU operation is as follows: if F;(S) > F,(S), in the optimal solution W*, E; is always
wider than all uni-segments under £ in E; (according to the local monotone property). The refinement of
an upper bound of w, is still an upper bound of it (according to the dominance property), thus also gives
an (possibly refined) upper bound of the optimal wire width assignments for any uni-segment under £ in Ej.
Note that E will not be divided into E; and E; when performing the BRU operation on uni-segments other
than E.

Similarly, the bundled refinement operation for the lower bound (BRL) can be defined for a wiresizing
solution W dominated by W*. Again, assuming Fy(S) > F.(S), we treat £ as two uni-segments £, and E,.
E, is the rightmost part of E, with length minLength; E, is the remaining part of E. Let wg, be the locally
optimized width for £, based on the objective function (7) while keeping the assignment of W on E, and any

uni-segment E’ other than F. Then, wg, is regarded as a refined lower bound of the entire uni-segment F.
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Given an MSIT, let & be the segment-division where each uni-segment is a segment in the MSIT, and &p
the uniform segment-division where each uni-segment is minLength long.® Given two segment-divisions £ and
&', if each uni-segment in segment-division & corresponds to one or several uni-segments in segment-division &’,
we say that £’ is a refinement of £. An segment-division & is valid only if £ is a refinement of & and the length
of every uni-segment is a multiple of munLength. Clearly, among all valid segment-divisions, & is coarsest and
Ep is finest. Furthermore, although we assume that the segment-division is a prior: fixed and uniform in all
proofs of this paper, by using the finest segment-division as this uniform segment-division, it is easy to find
out that all lemmas and theorems still hold for any valid segment-division as long as they hold under the finest
segment-division.

With these definitions, the wvariable segment-division multi-source wiresizing (MSWS/E) problem, can be

formulated as follows:

Formulation 2 Given an MSIT, the minimum uni-segment length minLength, and a set of possible wire width
choices, the MSWS/E problem for delay minimization is to determine both an segment-division £ and a wire-

sizing solution W, such that the weighted delay t(M SIT,E, W) is minimized.
The dominance relation can be extended to consider the variable segment-division cases.

Definition 1 Given two wiresizing solutions W and W', we define W' dominates W if wly > wg for every

uni-segment E under the finest segment-division Ex.

The concept of bundled-segment will be defined in order to achieve a segment-division as coarse as possible

without loss of wiresizing accuracy.

Definition 2 Given an MSIT, a segment S and the finest segment-division Ep, let By, ---, Ly be a mazimal
sequence of successive uni-segments in S under Ep such that all uni-segments in this sequence have the same
wire width in the optimal wiresizing solution under Ep, We say that these uni-segments in the sequence form a

bundled-segment.

minLength
e
[

D]]]:D]]:E[D (a) twelve uni-segments under EF

l:i:l:I (b) three bundled-segments

segment S

Figure 7: (a) The optimal wiresizing solution for segment S with twelve uni-segments under the finest segment-
division &p. (b) Segment S contains only three bundled-segments which define a coarser segment-division with
fewer computation costs to achieve the wiresizing accuracy same as that obtained by Ep.

3For simplicity of presentation, we assume that the length of any segment in an MSIT is an integral multiple of minLength.
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Therefore, if there is an optimal solution WW* where the wire widths are not uniform in a segment S, let wy
be the wire width of the leftmost uni-segment in S, from left to right, we can successively replace the wire width
for every uni-segment in S by wj, without increase in the objective function. That is, the resulting wiresizing
solution is an optimal wiresizing solution such that the wire widths are uniform in any segment S. o

It is worthwhile to mention that Lemma 6 is more general than Lemma 7 in the sense that the former
holds for any optimal solution while the later does not deny this possibility that there may exist an optimal
solution with non-uniform wire widths in a segment S when Fi(S) = F.(S). Nevertheless, Lemmas 6 and
7 are sufficient for us to draw the following important conclusion, which is needed by the bundled wiresizing

algorithm to be presented in Section 5.1.

Theorem 4 (Local Monotone Property) There exisis an optimal wiresizing solution for an MSIT, such
that the wire widths within each segments is monotone: (1) if Fi(S) > F.(S), the wire widths within S decrease
monotonically rightward. (2) if Fi(S) = F,(S), the wire within S have a same width. (3) if Fi(S) < F.(S), the

wire widths within S increase monotonically rightward.

Of course, the local monotone property holds for segments in LSTs, where the Fj(S) is always greater than

F.(S) (in fact, F(S) = 0) and the wire widths always decrease rightward, just as given by the LST monotone

property.
4 Properties of Optimal MSWS/E Solutions

Up to now, both the MSWS problem defined in this paper and the SSWS problem studied in [11, 7, 23, 26,
27, 20, 30] are only studied in the context of an a priori fixed segment-division. The segment-division controls
how often the wire width is allowed to change. However, it is difficult to choose a proper segment-division. For
best accuracy, a very fine, uniform segment-division needs to be chosen, which results in much high memory
usage and computation time due to the large number of uni-segments. We now investigate methods to obtain
the optimal wiresizing results using a non-uniform and coarser segment-division.

A novel contribution of our work is to introduce an MSWS formulation based on a variable segment-division.
The segment-division maybe finer in some regions but coarser in others. Moreover, we begin with a coarser
segment-division then proceed to a finer one. Theorem 5 to be presented in Section 4.2 justifies this strategy
and leads to much more efficient algorithms with the same accuracy when compared with previous work.

All properties in this section hold for both the MSWS problem and the SSWS problem, but we shall

concentrate on the MSWS problem because the SSWS problem can be treated as a special case.

4.1 Segment-Division Refinement and Bundled-Segment

Assume that minLength is a constant determined by the users such that the wire widths are allowed to change
every minLength long, in other words, minLength is the minimum length that a uni-segment can be. Clearly,

minLength controls the optimality of the wiresizing solution.
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Lemma 7 Given an MSIT and any segment S in the MSIT, if Fi(S) = F.(S), there exists an optimal

wiresizing such that all uni-segments in segment S have the same wire width.

W+ Er:Wp, — Wp
' s '
El  Er — B Er

CCEe=—
\ Ei  Er

(a) ——r—— (©
W+ Ej :Q)E] — g,

Figure 6: (a) The width assignments for E; and E, in the optimal solution W*. (b) The wiresizing obtained
by replacing the width of E, with that of E;. (b) The wiresizing obtained by replacing the width of E; with
that of E,.

Proof: Assume that Lemma 7 fails for an MSIT, then for any optimal solution W*, there must exist two
uni-segments in a segment S of the MSIT such that Ej is just left to £, and wg # wg, . Since W* is optimal,
the increase in the objective function when we change the width of £, in W* from wj, to wj, (see Figure 6.b),

by using (11), is:

Atl = t(MSIT,E,W*/E, : wg, — wg,) — t(MSIT,E,W*)
= Ki(ws —ws,) + Koo > F(B B (A2 - 22 4
E'€MSIT WE  WE,
wEl U)ET ’ 1 1
. F(E, B, (B _ YE: : F(E,,E')- R
B SR CE - Ky Y () (- ) 4
€EMSIT E'€MSIT
1 1 1 1
Ka-G(Ey) (—— — ——) 4 Kg-H(En) - (— — ——
4 G(Er) ('wEl wET) + Ks- H(E) ('wEl 'wET)
> 0 (17)

Similarly, the increase in the objective function when change the width of Ej in W* from wg, to wg (see

Figure 6.c) is:

At2 = t(MSIT,g,W*/EIZ’wEl—>wET) - t(MSIT,g,W*)
We We
= Ki-(wg, —wn) + Kow Y F(E,E)-(———=) +
E'€eMSIT We,  WE
We, W . oo L
Koo D FIBB)-(Que=) + s 3 F(BE) (o= o) +
eMSIT E'eMSIT
1 1 1 1
/C4'G(E1)'(E— 'sz) + /CS'H(EI)'(E—E)
> 0 (18)

It is not difficult to verify the following (19) by using (12)—(15) to summarize (17) and (18).
Atl + At2 = 0 (19)

According to (17)-(19), Atl = At2 = 0. That is, both W*/E, : wg, — wg, and W*/E; : wg, — wg, are

optimal!
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Figure 5: (a) The width assignments for E; and FE, in the optimal solution W*. (b) The wiresizing obtained
by swapping the width assignments for F; and F,.

= t(M,g,W) + IC1~(wE, + wET) +

K2 S F(ELE) 2 4k Y FEE)-ZE 4

E'€MSIT WE, EEMSIT we
Koo S FP(ELE)- 2 4Ky Y F(EE)- 22 4
E'eMSIT WE, EeMSIT et
1 1 1
Ks- > F(E,E) — + Ka-G(E) — + Ks-H(E) — +
E'€eMSIT WE, WE, WE,
1 1 1
Ks- Y F(E,E) — + Kq G(Ey) — + K5 H(E,) — (11)
E'€eMSIT WE, WE, WE,

Let W* be the optimal wiresizing solution. After swapping the width assignments for £} and E, with
respect to W* (see Fig. 5), we denote the resulted wiresizing solution W*/Ey, E, : wg, < wg, .

According to Lemmas 3 and 4

G(E) = G(E) = G(9) (12)
HE) = H(E) = H(ES) (13)
F(B.E) = F(B.E) ifE 45 # 5 (15)
thus,
H(MSIT, &, W* | Ey, Ey - wg, < wg,) — t(MSIT,&,W*)
wi w} w} w}
= Ko F(By ) (= 25) o+ Ko F(B, B) - (2 = 20) +
wp o W Vg,  Wg,
/CF(EE)(1 1)—|—/C F(EE)(1 1)
3 iy Loy w*ET U)*El 3 ry L1 w*El w*ET
. ) (Wi, + wp) + Ks
= A&, EB) — F(E, B} -{wp, — wp }-{Ks- PE— } (16)
wh W
We know that W > 0 and (16) > 0 since W* is the optimal solution. Clearly, if F1(S) > F.(S),

according to Lemma 1, F/(E;, E.) > F(E,, £y), then we have wi > wg . Similarly, if F7(S) < F,(S), then
F(E, Er) < F(Er, E), so we have wy, < w}, . As aresult, Lemma 5 holds. a

By applying Lemma 5 to any adjacent uni-segments in a segment, we obtain Lemma 6.

Lemma 6 Given an MSIT and a segment S in the MSIT, concerning the optimal wiresizing solution, if

Fi(S) > F.(5), then the wire widths within segment S decrease monotonically rightward. Similarly, they
increase monotonically rightward if Fi(S) < F.(S).

12



C. Dominance Property

Theorem 3 With respect to the definitions of the local refinement operation and the dominance relation in

Section 3.1, the dominance property holds for the MSWS problem.

Although the dominance property was proven based on the ancestor-descendant relation in [11] for the
SSWS problem, we showed that it is a general property neither dependent on the ancestor-descendent relation,
nor on the left-right relation.

Theorem 3 enables efficient computations of lower and upper bounds of the optimal wiresizing solution
by the GWSA algorithm in [11]. It applies the local refinement operation iteratively for each uni-segment
to compute the lower bound or the upper bound of the optimal wiresizing solution. A much more powerful
refinement operation, called the bundled refinement operation, which may compute the lower bound or the

upper bound for a number of uni-segments in a single operation, will be introduced in Section 4.2.

D. SST Local Monotone Property

Although the signal direction is changeable in the uni-segments of the SST when different sources are active,
surprisingly, our study shows that optimal M SW S solutions still satisfy a local monotone property (Theorem
4).

We shall prove the SST local monotone property based on a series of lemmas.

Lemma 4 Given an MSIT and a segment S in the MSIT, if Ey and E, are two adjacent edges within segment
S and E; is just left to E,, then

F(E,E) = F(E,E) if E #E #E,

F(E, E) F(E,E,) if E # E #E,

Proof: There are two cases for Lemma 4.

Case 1: E is in segment S, according to Lemma 1

if £ is left to E; (as well as E,), F(E, E) = F(E,, E)= F,(S) and F(E, E) = F(E, E,) = Fi(S).

if £ is right to E; (as well as E,), F(E1, E) = F(E,, E) = Fi(S) and F(E, E;) = F(E,E,) = F.(5).

Case 2: F is in segment S'(# 5), according to Lemma 2

F(E,E)=F(E.,E)=F(S,5) and F(E,E)) = F(E,E,)=F(5,59). O

Lemma 5 Given an MSIT and a segment S in the MSIT, let E; and E, be uni-segments in segment S with
E; just left to E,, concerning the optimal wiresizing solution, if F1(S) > F,.(S), then E; can not be narrower
than E,; if Fi(S) < F.(S), then E; can not be wider than E,.

Proof: Let M = MSIT — E;, E, and W be the wiresizing solution defined on M by W. The objective function

(7) can be written as:

t(MSIT, €, W)

11



A. LST Separability

Theorem 1 Given the wire width assignment of the SST, the optimal width assignment for each LST branching
off from the SST can be carried out independently. Furthermore, given the wire width assignment of both the
SST and a path P originated from the root of an LST, the optimal wire width assignment for each subtree

branching off from P can be carried out independently.

The first part of Theorem 1 is the separability between LSTs, and the second part is the separability
within an LST. Because the separability may not hold within the SST', the M SW.S problem has much higher

complexity than the SSW.S problem in general.

B. LST Monotone Property

Theorem 2 For an MSIT, there exists an optimal wiresizing solution W* where the wire widths decrease

monotonically rightward within each LST in the MSIT.

In essence, an LST is an SSIT with its driver located at the branching node from the SST'. By replacing
the left-right relation in the LST with the ancestor-descendent relation in an SSIT, the separability within
an LST is just like the separability for single-source wiresizing, and the LST monotone property just like the
monotone property for single-source wiresizing. Because the optimal wiresizing algorithm OWSA developed in
[11] for single-source wiresizing is based on the separability and the monotone property, it can be applied for
an LST when given the wire width assignments for the SST.

Note that the strict monotone is not needed by Theorem 2, and it is not needed in Theorem 4 presented later
in this paper, either. Furthermore, it is worthwhile to mention that this monotone property just holds within
each LST. The root uni-segment in an LST may be wider than the uni-segment from which the LST branches
off (see Figure 4). This example also shows that the monotone property like that in the SSWS problem does

not hold for any particular source on an MSIT.

3w
sca )T seB
4w
w w
Sink C Sink E
2w
Sink D

Figure 4: The optimal wire width assignments for a two-source net with w being the minimum wire width.
The SST is surrounded by the dashed curve. Segments outside the curve belong to an LST. The wire width
assignment is monotone in the LST. However, the root uni-segment of the LST is wider than uni-segments in

the SST.
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A Source / AN
\ L
\ /

A Source - LST — 7( SST
Both a source and a sink

Figure 3: An MSIT can be decomposed into the source subtree SST, and a set of loading subtrees (three
LSTs here) branching off from the SST'. The dark uni-segments belong to the SST.

Lsre is the right direction along each uni-segment E. Under such definitions, the signal in any LST always
flows rightward, but the signal may flow either leftward or rightward in an uni-segment in the SST.
Furthermore, careful study of the definitions of £/, g%/ and A% in (4)—(6) and those of F, G and H in (8)—(10)

reveals the following properties for the coefficient functions F, G and H.

Lemma 1 Given an MSIT and a segment S in the MSIT, for any uni-segments E1 and Es (E1 # Es) within
segment S, F(E1, Ey) is an invariant (denoted Fi(S)) if Ey is left to Es, and F(E1, E3) is another invariant
(denoted F,.(S)) if Eq is right to E.

Lemma 2 Given an MSIT and a segment S in the MSIT, for any uni-segments E and E', if E' in segment S,
E' in segment S" and S # S', F(E, E') is an invariant (denoted F(S,S")).

Lemma 3 Given an MSIT and a segment S in the MSIT, for any uni-segment E is within segment S, G(E)
and H(E) are invariants (denoted G(S) and H(S), respectively).

Although the F', G and H coefficient functions are defined for the relation between uni-segments in (8)—(10),
Lemmas 1-3 enable us to compute these functions based on segments rather than uni-segments. Because the
number of segments in an MSIT may be much smaller than the number of uni-segments in the MSIT, we
can compute these coefficient functions for much reduced costs. These coefficient functions will be computed
before the sizing procedure and viewed as constants during wiresizing procedure. Furthermore, Lemmas 1-3

are helpful for us to present and prove the optimal MSWS solution properties later on in this paper.

3.3 Properties of Optimal MSWS Solutions

This subsection first presents Theorems 1-3, which are counterparts of the separability, the monotone property
and the dominance property for single-source wiresizing [11]. Proofs for these theorems can be found in the
appendix of this paper, which are similar to those in [11], except that our proofs can handle the multiple
sources in the interconnect. Then, the local monotone property unique for the multi-source wiresizing is given
as Theorem 4, just after Lemmas 4-7 leading to it. Theorem 4 is a must for the bundled wiresizing algorithm

to be presented in Section 5.1.



as the next section. These properties will enable us to apply the algorithms developed in [11] to the MSWS

problem to certain extent and to develop even more efficient algorithms in Section 5.

3.1 Review of Optimal SSWS Solutions

When there is only one source in the routing tree, each uni-segment has a unique signal flow direction. We can
define the “ancestors” and “descendants” with respect to the signal flow in the tree. Let Ans(E) be the set
of uni-segments which are ancestors of £ and Des(E) be the set of uni-segments which are descendants of E.
The following properties of optimal SSWS solutions were given in [11].

A. Separability Given the wire width assignment of a path P originated from the source in an SSIT,
the optimal wire width assignment for each subtree branching off from P can be carried out independently.

B. Monotone Property Given an SSIT, there exists an optimal wiresizing solution W such that
wg > wg if uni-segment F' is an ancestor of uni-segment E’.

Given two wiresizing solutions W and W', we define W dominates W' if wg > wf, for every uni-segment
E.

Given a wiresizing solution W for the routing tree, and any particular uni-segment E in the tree, a local
refinement on E is defined to be the operation to optimize the width of E while keeping wire width assignment
of W on other uni-segments.

C. Dominance Property Suppose that W* is an optimal wiresizing solution for an SSIT. If a wiresizing
solution W dominates W*, then any local refinement of W still dominates W*. Similarly, if W is dominated
by W*, then any local refinement of W is still dominated by W*.

The presence of multiple sources greatly complicates the wiresizing problem. For example, with multiple
sources, even a monotone wiresizing is not well defined. Nevertheless, our research have revealed a number of
interesting properties of the optimal wiresizing solutions for MSITs; which will be presented in the next a few
subsections. Some of these properties generalize the results on the SSWS problem, and others are unique for

the MSWS problem.

3.2 Decomposition of an MSIT

In order to reduce the complexity with the MSWS problem, we decompose an MSIT into the source subtree
(SST) and a set of loading subtrees (LSTs) (see Figure 3). The SST ? is the subtree spanned by all source
nodes in the MSIT. After we remove the SST from the MSIT, the remaining segments form a set of subtrees,
each of them is called an LST. When every pin of an MSIT can be a source at different times, the entire MSIT
becomes the SST and there is no LST.

Parallel to the ancestor-descendent relation in an SSIT, the left-right relation is introduced in an MSIT. We

choose an arbitrary source as the leftmost node Lsre. The direction of the signal (current) flowing out from

?Note that SST defined in this paper is different from that defined in [11], where SST is used to denote a single stem tree.



(details concerning them can be found in [11, 7]), and fY(E, E'),¢" (E) and H'(E) are defined below.

1 if £ € P(N;,N;)and E' € Des'(E)
2 / _ ,N;
fUEE) = { 0 otherwise )
g = ZvEsinkl(E) Cy if £ € P(N;, Nj)
7 { 0 otherwise (5)

’ 1 if E € P(Ni,N;)
ij _ s Vg
hI(E) = { 0 otherwise

where P(N;, N;) is the unique path from source N; to sink N;, Des®(E) is the uni-segment set of all downstream
uni-segments of £ with respect to the signal flow from source N;, sink?(E) is the node set of all downstream
sinks of F, again with respect to the signal flow from source N; and ¢} is the loading capacitance at sink v.
Assume that A% ’s are normalized, i.e.,
Z A= 1
Ni€src(MSIT),N;€sink(MSIT)

the objective function (2) becomes:

Ig g - wg
HMSIT.EW) = Ko+ Ki- > lp-we + Koo Y. F(EE). 2202
-
EeMSIT E E'eMSIT
ZE'ZE’ ZE 12
Ka- D P . L2 . .
3 > F(EE) - + Kao D G(E) "~ + Ks- Y H(E) - (7)
E E'eMSIT EeMSIT EeMSIT
where
Ko = > NI LR
Ni€src(MSIT),N;Esink(MSIT)
F(E,E) = > A fU(E, B (8)

N;€src(MSIT),N;€sink(MSIT)

G = S X g (E) (9)

N;€src(MSIT),N;€sink(MSIT)

H(E) = > AR () (10)

N;esre(MSIT),N;€sink(MSIT)
Our MSWS problem aims to find the optimal wg’s for the weighted delay formulation (7). Although this
weighted delay formulation for multiple sources and sinks is very similar to that for the single source and
multiple sinks in [7], the coefficient functions F', G and H have very different properties, which lead to much
higher complexity and very different properties for the MSWS problem when compared to the SSWS problem.

These properties will be discussed in Section 3.

3 Properties of Optimal MSWS Solutions

The single-source wiresizing problem (SSWS) under the an a priori fixed segment-division was studied in [11],
and the polynomial-time optimal algorithm was developed based on the separability, the monotone property
and the dominance property. Similar properties will be studied in the more general context of multi-source

wiresizing problem (MSWS) in this section. Furthermore, new properties will be revealed in this section as well
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Figure 2: A two-source and two-sink interconnect tree with its distributed RC model under a uniform segment-
division. (a) The layout of an MSIT with two sources Ng and Ny, and two sinks N3 and Ns. (b) The distributed
RC model for this MSIT. Each uni-segment £ under the uniform segment-division is modeled as a m-type RC
circuit containing a resistor of rg and two capacitors of %2 each (cg includes both wire area capacitance and
fringing capacitance). Each sink v has an extra loading capacitance ¢ due to the receiver. Each source together
with its driver is modeled by a driver resistance connected to an ideal voltage source.

problem for delay minimization is to determine a wiresizing solution W which gives a wire width wg for every

uni-segment E under £, such that the weighted delay t(MSIT,E, W) is minimized.

When there is only one source in an interconnect tree, the MSWS problem degenerates into the single
source wiresizing (SSWS) problem. Note that we assume a given segment-division in Formulation 1. A more

general wiresizing problem, the multi-source wiresizing problem without an a priori given segment-division (the

MSWS/E problem) will be presented and solved in Section 4.

2.2 Weighted Delay Formulation

Similar to [11, 7], the Elmore delay ¥/ between source N* and sink N7 can be formulated as follows:

. N Lo Lo - wen
t”(MSIT,S,W) = ]ng + K- Z lg -wg + Ko- Z fZ](E’EI). E " tE' - WE +

WEg
EeMSIT E,E'eMSIT
- le - L N I ) P
Ks- > JIEE) T 4 Koy g9(B) == + K5 D0 hI(E)- 2 (3)
E,E'€MSIT Weg = wg peTor wg

where wg and lg are respectively the (wire) width and length of the uni-segment F| respectively. When &
is uniform and every uni-segment has the same length, the length can be omitted from this equation, just as

given in [7].! Besides, ICéj, Ko, -+, K5 are constants depending only on the IC or MCM fabrication technology

1For the simplicity of presentation, we assume that the segment-division is uniform in all proofs of this paper, so we use the
formulation without {g’s later in our proofs. This simplification will be removed in Section 4.1.



We assume that no two sources in an MSIT are active at the same time.

A node refers to either a pin or a Steiner point in the MSIT. A segment connects two nodes. Let
{51,859, -+, Sm} be the set of segments in the MSIT. In order to capture the distributed resistive property
of the interconnect and achieve more optimized wiresizing solutions, a segment is divided into a sequence of
uni-segments. The term of “uni-segment” is coined based on this assumption that the wire width is uniform
within a uni-segment. The segment-division determines the set of all uni-segments, {E1, Es, -, E,}, in the
MSIT. Our wiresizing problem is formulated to find a wire width for each uni-segment from a set of given
choices {Wy1, W, -, W,} (W1 < Wa < --- < W,). Note that the segment-division is implicitly applied by
introducing artificial degree-2 Steiner points in [11] and treating each segment as a uni-segment, and explicitly
applied by dividing each segment into a sequence of wires of unit length in [7] and treating each wire of unit
length as a uni-segment. The segment-divisions are given a priori and fixed during the wiresizing procedure
in [11, 7]. In our formulation, the segment-division is in fact defined by and variable during the wiresizing
procedure, which will be discussed later in Section 4. For simplicity, just assume that we are given an a prior:
fixed segment-division in this section.

The modeling technique similar as those used in [11, 7] is applied. Each uni-segment is treated as a #-
type RC circuit containing resistance rg and capacitance cg, respectively. Let the unit-width unit-length wire
have wire resistance rg, wire area capacitance ¢y and wire fringing capacitance c;, then rg = rg - % and
cg = ¢o-wg -lg+c1 - lg for uni-segment £ with width wg and length [g. The receiver at a sink is modeled by a
loading capacitance, and a source together with its driver is modeled by a fixed-value driver resistor connected
to a voltage source. So a given interconnect including its drivers and receivers is modeled by a distributed RC
tree (see Figure 2 for the modeling for the routing tree of a two-source two-sink net).

Given the RC tree model, the Elmore delay [14] #¥ from source N; to sink Nj is a function of the segment-
division &£ and the wiresizing solution W, which can be written as the following (1) according to the Elmore
delay formulation for RC trees given in [29].

tI(MSIT,EW) = Y g (%E +Cg) (1)
E€P(N;,N;)
where the summation is taken over all uni-segments on the unique path P(N;, N;) from source N; to sink Nj,
and Cpg is the total downstream capacitance of uni-segment E with respect to source N;.
In order to handle multiple source-sink pairs, we introduce the following weighted delay formulation (2).
t(MSIT £, W) = > XA (MSIT,E, W) (2)
N;esre(MSIT),N;€sink(MSIT)
where A is the penalty weight to indicate the priority of the Elmore delay #*/ between source N; and sink N;.
With these definitions, we give the general formulation of the multi-source wiresizing (MSWS) problem as

follows:

Formulation 1 Given an MSIT, a segment-division £ and a set of possible wire width choices, the MSWS
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min_width opt_ssws opt_msws
Maximum Delay (ns) 0.345 0.347 (+0.6%) | 0.287 (-16.8%)
Average Delay (ns) 0.303 0.290 (-4.3%) | 0.268 (-11.5%)
Normalized Area 1 2.13 2.33

Figure 1: A multi-source interconnect tree with three wiresizing solutions
(a) A signal net with four pins (Pp, P2, P3s and P4). Each of them is controlled by tri-state gates and may
become a source for the interconnect tree at a different time. (b) The minimum width wiresizing solution
(min_width) with the minimum wire width w being 0.9um. (c¢) The optimal single-source wiresizing solution
(opt-ssws) under the assumption that pin P; is the unique source, and pins {Ps, P3, P4} are the critical sinks.
(d) The optimal multi-source wiresizing solution (opt_msws). The total wire length is 300 um. The parasitic
parameters are those in Table 2 for a submicron CMOS technology. More details can be found later in Section

6.1.A.

designs, under the a prior: fixed and the variable segment-divisions, respectively. These properties lead to
efficient algorithms given in Section 5. Section 6 shows experimental results, including the fidelity study of the
Elmore delay model. Section 7 concludes the paper with discussions of future work. An extended abstract of

this paper was presented in ICCAD’95 [5].

2 Problem Formulation

2.1 Wiresizing for MSIT

Given an MSIT, each pin can be a source (driver), or a sink (receiver), or both at different times. Let src(MSIT)
be the set of pins which can be sources of the MSIT, and sink(MSIT) the set of pins which can be sinks of the
MSIT. A pin belongs to both sr¢(MSIT) and sink(MSIT) if it can be a source and a sink at different times.



designed for a bus-type net with multiple sources as shown in Figure l.a (reproduced from [8]), each pin is
controlled by tri-state gates and may become the source of the interconnect tree. None of the existing intercon-
nect optimization methods consider such multi-source interconnect trees (MSITs), except a very recent work by
Cong and Madden [8], where an M SIT topology optimization method based on the construction of min-cost
min-diameter A-trees was developed. Their method can reduce the maximum delay along an M SIT by an
average of 6.1% for submicron CMOS and 19.9% for MCM, respectively, when compared with conventional
routing methods.

It is not difficult to see that the single-source wiresizing (SSW.S) solution may perform poorly for wiresizing
in M SIT designs. For the optimal routing tree of the multi-source net in Figure 1.a, based on the parameters
in Table 2 for a submicron CMOS technology, compared with the minimum-width wiresizing solution min_width
(Figure 1.b), the optimal single-source wiresizing solution opt_ssws (Figure 1.c), by assuming that an arbitrary
pin is the source and the others the critical sinks, in fact increases the maximum delay by 0.6%, while the
multi-source optimal wiresizing solution opt_msws (Figure 1.d) reduces the maximum delay by 16.8%. Thus,
multi-source wiresizing optimization method is necessary for M SIT" designs.

In this paper, we will study the optimal wiresizing problem for M SITs under the distributed RC model
and the Elmore delay model. We decompose an M SIT into a source subtree(SST) and a set of loading
subtrees(LST's), and show a number of interesting properties of the optimal wiresizing solutions under this
decomposition, including: the LST separability, the LST monotone property, the SST local monotone property
and the general dominance property. These properties lead to effective algorithms to compute the optimal
wire width assignment for an M SIT. We have tested our algorithm on a large number of M SITs in both
CMOS and MCM technologies, including those for several multi-source nets extracted from the layout of a
high performance Intel processor. Accurate SPICE simulation shows that our methods reduce the interconnect
delay by up to 36.3% for submicron CMOS technology and 32.1% for MCM technology, respectively.

Furthermore, we study the optimal wiresizing problem using a variable segment-division rather than an a
priori fixed segment-division used in all previous works. We show the bundle refinement property which leads to
a very efficient wire sizing algorithm based on bundled refinement and recursively refined segment-division. The
algorithm yields a speedup of over 100x time and does not lose any accuracy, when compared to the method
based an a prior: fixed segment-division. To the best of our knowledge, it is the first work which presents
an in-depth study of both the optimal wiresizing problem for multi-source interconnect trees and the optimal
wiresizing problem using a variable segment-division.

We also investigate the fidelity of the Elmore delay model for wiresizing in this paper and compare our
optimal solution under the Elmore delay model versus that selected by SPICE. We show that the Elmore
delay model has high fidelity for wiresizing optimization, which convincingly justifies our formulation under
the Elmore delay model.

The remainder of this paper is organized as follows: In Section 2, we present the formulation of the MSIT

wiresizing problem. In Section 3 and 4, we study the properties of the optimal wiresizing solutions for MSIT



1 Introduction

As the VLSI technology reaches submicron device dimensions, gigahertz clock frequencies, and highly inte-
grated multi-chip module design, interconnect delay has become the dominating factor to determine system
performance. Therefore, interconnect optimization for delay minimization has drawn much attention recently.
Techniques for interconnect delay minimization falls into two categories. One is topology optimization, such as
the constructions of bounded-radius bounded-cost trees[6], AHHK trees[1], A-trees[9], low-delay trees[2], and
IDW/CFD trees[18]. In essence, these methods construct an interconnect tree to minimize both the total tree
length and the paths between the input pin (also called the source) and a set of timing-critical output pins
(also called critical sinks), while the conventional Steiner tree algorithms only minimize the total tree length.
Besides, the non-tree routing was also explored in [21, 30].

The other type of interconnect optimization methods is wiresizing of interconnects, which was first intro-
duced by Cong et al in [9, 11]. They modeled the routing tree as a distributed RC tree and formulated the
wiresizing problem under the Elmore delay model [14, 29] to minimize a weighted average interconnect delay
from the source to a set of critical sinks. The first polynomial-time optimal algorithm was developed based on
the separability, the monotone property and the dominance property. Later on, since the Elmore delay along
a RC tree is a posynomial function of wire widths as first pointed out in [15], the sensitivity-based heuristic
like that used in TILOS [15] and the convex programming technique [13, 24] were applied in [23] and [22],
respectively, to minimize the maximum interconnect delay. Besides, heuristics for performing greedy wiresizing
during topology construction [17] and wiresizing for non-tree structures [30] have been proposed. Wiresizing
heuristics to minimize clock skew have been used in [28, 31, 4].

Wiresizing can be conducted simultaneously with both the buffer inserting and the driver (buffer) sizing to
further reduce the interconnect delay. The authors of [7] formulated the simultaneous driver and wire sizing
(SDWS) problem under the Elmore delay model to minimize both delay and power dissipation. They revealed
a dominance relationship between the driver sizing and the correspondent optimal wire sizing, and developed
an efficient SDWS algorithm. Recently, the simultaneous gate and wire sizing was studied in [26, 27] under the
higher-order delay model. Both compute the delay sensitivity with respect to wire width and gate size and are
gradient-guided methods in essence.

Very recently, a dynamic programming wiresizing scheme for interconnect trees was proposed in [20]. Based
on a generalization of the optimal buffer placement algorithm in [16], it handles simultaneous wiresizing and
buffer insertion, for both performance and power optimization. It also takes the signal slew into account in the
buffer delay computation.

Clearly, all these interconnect optimization methods assume that there is a unique source in each intercon-
nect tree and minimize the delay between the source and a set of critical sinks. Thus, they are only applicable
to single source interconnect trees (SSITs). However, there exist many interconnect trees with multiple po-

tential sources, each driving the interconnect tree at a different time. For example, in the interconnect tree
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Abstract

In this paper, we study the optimal wiresizing problem for nets with multiple sources under the RC tree
model and the Elmore delay model. We decompose the routing tree for a multi-source net into the source
subtree (SST) and a set of loading subtrees (LST%), and show that the optimal wiresizing solution satisfies
a number of interesting properties, including: the LST separability, the LST monotone property, the SST
local monotone property and the general dominance property. Furthermore, we study the optimal wiresizing
problem using a variable segment-division rather than an a prior: fixed segment-division in all previous works
and reveal the bundled refinement property. These properties lead to efficient algorithms to compute the
optimal solutions. We have tested our algorithm on a large number of multi-source nets, including several nets
extracted from the layout for a high performance Intel microprocessor. Accurate SPICE simulation shows that
our methods reduce the interconnect delay by up to 36.3% for submicron CMOS technology and 32.1% for
MCM technology, respectively, when compared to the minimal wire width solution. In addition, the algorithm
based on the variable segment-division yields a speedup of over 100x time and does not lose any accuracy, when

compared with the methods based on the a prior: fixed segment-division.
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