
Highly Efficient Gradient Computation for Density-
Constrained Analytical Placement Methods 

  
Jason Cong and Guojie Luo 
Department of Computer Science 

University of California, Los Angeles 
Los Angeles, CA 90095 

{ cong, gluo } @ cs.ucla.edu 

 

 
 

 

ABSTRACT 

Recent analytical global placers use density constraints to 

approximate non-overlap constraints and show very successful 

results. In this paper we unify a wide range of density smoothing 

techniques that we call global smoothing, and present a highly 

efficient method to compute the gradient of such smoothed 

densities used in several well-known analytical placers [3, 5, 7]. 

Our method reduces the complexity of the gradient computation 

by a factor of n  compared to a naïve method, where n  is the 

number of modules. Furthermore, with this efficient gradient 

computation we can come up with an efficient nonlinear 

programming-based placement framework, which supercedes the 

existing force-directed placement methods [4, 7]. An application 

of our technique, as the engine of a multilevel placer, achieved 

13%  and 15%  wirelength improvement compared with SCAMPI 

[13] and mPL6 [3] on IBM-HB+ benchmark [13].  

Categories and Subject Descriptors 

B.7.2 [Integrated Circuits]: Design Aids – placement and 

routing; G.4 [Mathematical Software]: Algorithm Design and 

Analysis; J.6 [Computer-Aided Engineering]: Computer-Aided 

Design. 

General Terms 

Algorithms, Design 

Keywords 

Mixed-size Placement, Force-directed Method 

 

1. INTRODUCTION 
Recent analytical global placers use density constraints to 

approximate non-overlap constraints, and show very successful 

results in both quality and scalability [4, 5, 7]. Differentiability of 

either the objective functions or constraint functions is usually 

required by analytical solvers. But the density function is 

normally not smooth, thus several smoothing techniques have 

been proposed and implemented to overcome this problem, 

including: (a) the bell-shaped function [8, 12] to replace the 

rectangle-shaped modules with differential bell-shaped modules; 

(b) the smoothing operator defined by Helmholtz equation [4]; (c) 

the Gaussian smoothing [5] for the density of fixed modules; (d) 

the Poisson equation [7] to transform area distribution to some 

smoothed potential. 

In this paper we consider the smoothing techniques (b), (c) and 

(d) listed above, which we call global smoothing techniques 

because the smoothed density of a single bin is correlated globally 

with the original density of every bin. Global smoothing 

techniques were used by the top placers in the ISPD06 placement 

contest [10], and the contest results indicate that these techniques 

are effective in achieving high quality solutions. However, until 

recently, these techniques did not completely conform to the 

standard nonlinear programming framework. The method in 

NTUplace [5] did not use Gaussian smoothing for movable 

modules, but only for fixed modules; The method in Kraftwerk [7] 

used the smoothed potential as the basis for a force-directed 

method, but does not follow a standard nonlinear programming 

framework; The method in mPL [4] generalized the force-directed 

method and used nonlinear programming formulation and solution 

technique based on the Uzawa’s algorithm [2], but could only use 

simple approximation of the gradient computation for the 

smoothed density function. 

To adopt these global smoothing techniques into a nonlinear 

programming framework, a fundamental difficulty arises because 

of the high complexity of gradient computation of the density 

penalty function. Unlike the bell-shaped function smoothing 

technique where the gradient of the density penalty function can 

be written down explicitly, the global smoothing techniques do 

not seem to have any simple analytical form and may require 

large amount of numerical computation. This difficulty motivated 

our work, which has resulted in the following contributions: 

 We discovered the common property of the global 

smoothing techniques (b), (c) and (d), which makes our 

work extensible to handling a large class of smoothing 

techniques. 

 We derived an equivalent expression for the gradient of the 

density penalty function, which leads to highly efficient 

numerical computation and reduces the time complexity by 

a factor of n , compared to a straightforward computation. 

 We used our efficient density gradient method in a 

nonlinear programming framework. We consider this a 

breakthrough as this is the first time that density-

constrained placement problem with global smoothing 

technique can be solved exactly in the general nonlinear 

programming framework. Moreover, we found that the 

resulting placement method supercedes the force-directed 

placement methods [4, 7]. 
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 In particular, we applied our gradient computation to the 

quadratic penalty method in a multilevel placement 

framework, and tested this on IBM-HB+ benchmark [13]. 

The application leads to a 13% and 15% shorter wirelength 

than SCAMPI [13] and mPL6 [3], respectively. It also leads 

to consistent wirelength improvements in ICCAD’04 [1] , 

ISPD’05 [11] and ISPD’06 [10] benchmarks. 

The remainder of this paper is organized as follows. Section 2 

describes the class of smoothing techniques we are concerned 

with; Section 3 defines the density penalty function under two 

kinds of nonlinear programming methods; Section 4 derives an 

equivalent expression for the gradient of density penalty function 

that leads to highly efficient computation; Section 5 provides 

further analysis on our computation and a better understanding of 

force-directed methods; Section 6 presents our experimental 

results. Finally, conclusions and future work are presented in 

Section 7. 

2. DENSITY and SMOOTHED DENSITY 
We begin with a simplified placement problem for wirelength 

minimization under given target density distribution constraints 

for all bins. These bin density constraints are usually used to 

replace the non-overlap constraints. If the bin density constraints 

are satisfied or almost satisfied, we consider the global placement 

stage to be completed and leave the remaining work to the 

detailed placement phase. Thus the global placement problem is 

formulated as, 

minimize ( , )

subject to ( , )

for every 1 ,  1

ij ij

WL x y

D x y I

i M j N



   

 

 
 

In this problem there are n  modules. The symbols x


 and y


 

are short-hand notations for the n-dimension vectors ( )kx  and 

( )ky , respectively, where ( , )k kx y  is the placement of the k-th 

module with width 
kw  and height 

kh . 

We assume that the placement region is [0, ] [0, ]a b , which is 

a rectangular area with origin at (0,0) , width a  and height b . 

To measure the placement density, it is divided into M N  

uniform bins 
ijB , 1 ,1i M j M    , with bin width 

/Bw a M  and bin height /Bh b N . ( , )ijD x y
 

 is the average 

module density in bin 
ijB  determined by the placement ( , )x y

 
. 

The target density constraints ( , )ij ijD x y I
 

 require the density 

in each bin 
ijB  be equal to the target density 

ijI . In general, we 

can support density inequality constraints as well by transforming 

them to equality constraints using filler cells as done in [3]. 

2.1 Density 
To simplify the following analysis, we assume we have infinite 

resolution of the bin structure; thus, the set of bin density 

{ ( , )}ijD x y
 

 becomes the function of point density  ( , ) ( , )D x y u v
 

 

defined in [0, ] [0, ]a b , which can be computed by the 

summation of the density contribution of each module as 

1
( , )

n

k k kk
D x y

 , where 

 

[ - 2, 2]

  1 and

( , ) ( , ) [ - 2, 2]

otherwise  0

kk k k

k k k k k k k

u x w x w

D x y u v v y h y h

 




  




 

A small example with two overlapping modules (with aspect 

ratio 2:1) for the discrete density and continuous density are 

shown in Figure 1. The discrete values represent the average bin 

densities. 
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Figure 1 - Continuous Density and Discrete Density 

 

The target density ( , )I u v  can also be considered as { }ijI with 

infinite resolution. Thus we transform the constraints from the 

discrete bin structures to a continuous density map, 

 

minimize ( , )

subject to ( , ) ( , ) ( , )

for every ( , ) [0, ] [0, ]

WL x y

D x y u v I u v

u v a b



 

 

 
 

2.2 Smoothed Density 
Note that  ( , ) ( , )D x y u v

 
 is not differentiable in general. There 

have been several smoothing techniques (as introduced in Section 

1), including the Helmholtz equation, the Poisson equation and 

Gaussian smoothing. Our study shows that all of these smoothing 

techniques can be generalized into one class that we shall define 

in Section 2.2.4, which will be used in the remainder of this paper. 

Here we shall first review each existing density smoothing 

technique. 

2.2.1 Smoothing by Helmholtz Equation [4] 
The smoothed density  ( , ) ( , )HD x y u v

  
 is defined as the 

solution of Helmholtz equation with zero-derivative boundary 

conditions: 

   
2 2

2 2
( ) ( , ) ( , ) ( , ) ( , )Hε D x y u v D x y u v

u v

 
   

 

    
 

The solution can be written down explicitly through Green’s 

function [15]. 

   
0 0

( , ) ( , ) ( , ) ( , ) ( , , , )
a b

H HD x y u v D x y u v G u v u v du dv       
    

 

where ( , , ', ')HG u v u v  

2 2
0 0

1 cos( )cos( )cos( ')cos( ')
          n m n m n m

n m n m

c c p u q v p u q v

ab p q ε

 

 


 

  

with constants , , ,n m n mc c p q  that only depend on ,n m . 

2.2.2 Smoothing by Poisson Equation [7] 
The smoothed density  ( , ) ( , )PD x y u v

  
 is defined as the 

solution of the Poisson equation with zero-derivative at infinity: 

   
2 2

2 2
( ) ( , ) ( , ) ( , ) ( , )PD x y u v D x y u v

u v

 
  

 

    
 

The solution can also be expressed explicitly by Green’s 

function [15], 



   
- -

( , ) ( , ) ( , ) ( , ) ( , , , )P PD x y u v D x y u v G u v u v du dv
 

 
       

    
 

where 
2 2

1 1
( , , ', ') ln

2 ( ') ( ')
PG u v u v

π u u v v


  
. 

2.2.3 Gaussian Smoothing 
The smoothed density  ( , ) ( , )GD x y u v

  
 is defined as the 

convolution between the Gaussian function and the original 

density  ( , ) ( , )D x y u v
 

 which is 

   
- -

( , ) ( , ) ( , ) ( , ) ( , , , )G GD x y u v D x y u v G u v u v du dv
 

 
       

    
 

where 

2 2

2

( ') ( ')

2
2

1
( , , ', ')

2

u u v v

σ
GG u v u v e

πσ

  


 . 

2.2.4 General Global Smoothing 
We observed that the three smoothing techniques described 

above can be generalized into the following density smoothing 

operation: 

   
0 0

( , ) ( , ) ( , ) ( , ) ( , , , )
a b

D x y u v D x y u v G u v u v du dv       
    

 

where the symmetry property ( , , , ) ( , , , )G u v u v G u v u v     is 

satisfied. Intuitively, ( , , , )G u v u v   represents the amount of 

smoothed density at point ( , )u v  created by the original density at 

point ( , )u v  . We call this class of smoothing operation global 

smoothing, because ( , , , )G u v u v   is usually non-zero for every 

pair of ( , )u v  and ( , )u v  , which indicates that the influence of the 

original density to the smoothed density is global. 

The discussion and result in the remaining part of this paper 

will be based on this class of general smoothing operator. Please 

note that the lower limit and upper limit of the double integral are 

bounded in the above expression. This is only for the convenience 

of expression, and the following discussion is simple to extend for 

the unbounded cases. 

Using this smoothing operator, we can transform the density 

constraints to the smoothed density constraints as below, 

Discrete smoothed density constraints: 

minimize ( , )

subject to ( , )

for every 1 ,  1

ij ij

WL x y

D x y I

i M j N



   

 
  

     (OPT.1) 

Continuous smoothed density constraints: 

 

minimize ( , )

subject to ( , ) ( , ) ( , )

for every ( , ) [0, ] [0, ]

WL x y

D x y u v I u v

u v a b



 

 

  
      (OPT.2) 

The arc  


 is added on top of a density function to differentiate 

that it is a smoothed density function. 

3. DENSITY PENALTY FUNCTION 
The problems specified in (OPT.1) and (OPT.2) are constrained 

nonlinear programming problems. Their solution typically 

involves solving a sequence of unconstrained problems. Two 

commonly used methods are the quadratic penalty method and the 

augmented Lagrangian method, where the unconstrained 

problems optimize a combination of wirelength and penalty 

functions on the density constraints. The details will be described 

in the following sections. 

3.1 Quadratic Penalty Method 
The quadratic penalty function for the problem (OPT.1) is 

2

1 1
( , ) ( ( , ) )

2

M N

ij ij B Bi j

μ
WL x y D x y I w h

 
  

    
 

where μ  is the quadratic penalty parameter. 

And the quadratic penalty function for the problem (OPT.2) is 

  2

0 0
( , ; ) ( , ) ( ( , ) ( , ) ( , ))

2

a bμ
Q x y μ WL x y D x y u v I u v dudv   

      
 

This function can be viewed as the limit of the discrete case 

when the resolution of placement bins becomes infinite. But more 

generally, it can be considered under the theory of vector space, 

so that problem (OPT.2) can be rewritten as: 

 

minimize ( , )

subject to ( , ) ( , ) ( , )

WL x y

D x y I    

 

    

( , )( , )D x y  
  

, ( , )I  


 are considered vectors in the vector space 
2([0, ] [0, ])L a b , which consists of all the two-dimensional 

functions defined in [0, ] [0, ]a b . In this vector space, for any 

two functions 
1 2(*,*), (*,*)g g  2([0, ] [0, ])L a b  , we can define 

their inner product as follows: 

1 2 1 2
0 0

(*,*) (*,*) ( , ) ( , )
a b

g g g u v g u v dudv    

The norm of 2(*,*) ([0, ] [0, ])g L a b   is defined as 

(*,*) (*,*) (*,*)g g g  . With these definitions, the basic 

concepts, like the limit and the convergence, can also be defined, 

and the convergence of the quadratic penalty method in vector 

space can be proved seamlessly [9]. 

Under the notion of vector space, the quadratic penalty function 

can be written as: 

( , ; ) ( , ) ( , ; )QQ x y μ WL x y P x y μ 
     

 

where               
2

( , ; ) ( , )
2

Q

μ
P x y μ D x y I 

    
. 

And their gradients can be computed as follows 

( , ; ) ( , ) ( , ; )QQ x y μ WL x y P x y μ  
     

 

( , ; ) ( ( , ) ) ( , )QP x y μ μ D x y I D x y   
       

  

with scalar μ  as the quadratic penalty parameter. 

We call ( , ; )QP x y μ
 

 the density penalty function for the 

quadratic penalty method, and call ( , ; )QP x y μ
 

 the gradient of 

the density penalty function. 

The algorithmic framework of the quadratic penalty method [14] 

is given in Algorithm 1. 

3.2 Augmented Lagrangian Method 
Similar to the quadratic penalty method in vector space, the 

augmented Lagrangian function for problem (OPT.2) can be 

written as: 

( , , ; ) ( , ) ( , , ; )A A
L x y λ μ WL x y P x y λ μ 

     
 

where            ( ( , ) ) ( ; )( , , ; ) ,QA
P λ D x y I Px y λ μ x y μ  

     
 , 

and its gradient is 



( , , ; ) ( , ) ( , , ; )

where        ( , ) ( ; )( , , ; ) ,

( ( ( , ) )) ( , )

A A

QA

L x y λ μ WL x y P x y λ μ

P λ D x y Px y λ μ x y μ

λ μ D x y I D x y

   

   

   

     

     


     


 

with scalar μ  as the quadratic penalty parameter and 
2(*,*) ([0, ] [0, ])λ L a b    as the Lagrangian multiplier. 

Similarly, we call ( , , ; )A
P x y λ μ

 
 the density penalty function for 

the augmented Lagrangian method, and call ( , , ; )A
P x y λ μ

 
 the 

gradient of the density penalty function. The algorithmic 

framework of the augmented Lagrangian method [14] is given in 

Algorithm 2. 

4. GRADIENT COMPUTATION 
From Section 3: 

( , ; ) ( ( , ) ) ( , )

( ( ( , ) )) ( , )( , , ; )

Q

A

P x y μ μ D x y I D x y

P λ μ D x y I D x yx y λ μ

   

    

       


      


 

The gradient of the density penalty function of either the 

quadratic penalty method or the augmented Lagrangian method 

has the common form ( , )g D x y
  

 , where the function 

( ( , ) )g μ D x y I 
  

 in the quadratic penalty method and 

( ( , ) )g λ μ D x y I  
  

in the augmented Lagrangian method. It is 

a 2n-dimension vector, whose components are ( , ) kg D x y x 
  

  

and ( , ) kg D x y y 
  

  for 1,  2,  ...,  k n . 

The computation of this gradient is required to be performed 

hundreds or thousands of times in solving the constrained 

nonlinear programming problems. However, the computation is 

not trivial. We will explain why a naïve method is not practical 

and how we efficiently solve this problem. In the following 

sections, we assume the run time for smoothing operation is ( )T n , 

and it is superlinear (of higher order than ( )O n ), as we need to 

consider every cell during the smoothing operation. 

4.1 Naïve computation 
To compute ( , )g D x y

  
 , a naïve method has to compute the 

components ( , ) kg D x y x 
  

  and ( , ) kg D x y y 
  

  one by one, 

and then expand the inner product for each component: 

 

 

0 0

0 0

( , ) ( , )( , )
( , )

( , ) ( , )( , )
( , )

a b

k k

a b

k k

D x y u vD x y
g g u v dudv

x x

D x y u vD x y
g g u v dudv

y y




 




 

 

 

    


    


 

By discretization, the double integrals are computed through 

double summation, and the partial derivatives are computed 

through a certain finite difference scheme. 

The detailed description is given in Algorithm 3. In the loop 

between lines 04-11, there are two time-consuming parts. Line 07 

consumes ( )T n  time in each loop, and the computation of { }ijD


 

cannot be reused. Lines 06 and 08 consume ( ) ( )O MN O n  time, 

assuming the bin number is of the same magnitude as the number 

of modules. Therefore, the time complexity is ( )( ( ) ( ))O n T n O n  

= ( ) ( )O n T n  for this naïve computation. 

4.2 Efficient Computation 
To avoid the time-consuming part of the naïve computation, the 

equivalent expressions of the inner products ( , ) kg D x y x 
  

  

and ( , ) kg D x y y 
  

  are derived for efficient computation, 

which are given in the following theorem. 

Theorem 1. Let ( , )D x y
 

and ( , )D x y
  

be the density and smoothed 

density defined in Section 2, respectively, then for any function 
2([0, ] [0, ])g L a b  , we have 

2

2

( , )
( , ) ( , )

2 2

k k

k k

y h
k k

k k
y h

k

D x y w w
g g x v g x v dv

x





  
    

  


  
 

     (EQ.1) 

2

2

( , )
( , ) ( , )

2 2

k k

k k

x w
k k

k k
x w

k

D x y h h
g g u y g u y du

y





  
    

  


  
 

      (EQ.2) 

Proof. Since the smoothing operator is linear, ( , )D x y
  

 can be 

decomposed to 
1

( , )
n

k k kk
D x y




. Thus, 

Given 
(0) 0  , tolerance (0) 0  , 

A starting point (0) (0)( , )x y
 

 and (0) ; 

for 0,  1,  2,  ...k   

Starting at ( ) ( )( , )k kx y
 

, 

Find an approximate minimizer ( 1) ( 1)( , )k kx y  
 

such that
( 1) ( 1) ( ) ( ) ( )( , , ; )k k k k k

AL x y     
 

; 

if a convergence test is satisfied 

Stop with approximate solution ( 1) ( 1)( , )k kx y  
; 

end if 

Update ( 1) ( ) ( ) ( 1) ( 1)( ( , ) )k k k k kD x y I    
  

   ; 

Choose new penalty parameter ( 1) ( )k k   ; 

Select tolerance ( 1)k  ; 

end for 

Algorithm 2 – Augmented Lagrangian Method 

Given 
(0) 0 , tolerance 

(0) 0 , 

and a starting point (0) (0)( , )x y
 

; 

for 0,  1,  2,  ...k   

Starting at ( ) ( )( , )k kx y
 

, 

Find an approximate minimizer ( 1) ( 1)( , )k kx y  
, 

such that ( 1) ( 1) ( ) ( )( , ;k k k kQ x y  
 

  ; 

if a convergence test is satisfied 

Stop with approximate solution ( 1) ( 1)( , )k kx y  
; 

end if 

Choose new penalty parameter ( 1) ( )k k   ; 

Select tolerance ( 1)k  ; 

end for 

Algorithm 1 – Quadratic Penalty Method 
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The last step is derived according to the Leibniz Integral Rule. 

Therefore, ( , ) kg D x y x 
  
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Step (1) is the inner product defined in Section 3.1; Step (2) 

substitutes ( , ) kD x y x 
  

 by the previous computation; Step (3) 

changes the order of integrals; Step (4) exchanges the variables of 

function G  because of its symmetric property defined in Section 

2.2.4; Step (5) applies the definition of smoothed density as in 

Section 2.2.4. 

In the same way, we can also derive the expression (EQ.2) for 

( , ) kg D x y y 
  

 . 

▀ 

The key insight of the equation (EQ.1) (or (EQ.2)) is that the 

integral of the product ( , ) ( ( , ) )( , )kg u v D x y x u v  
  

 over the 

placement region is equivalent to the difference of the integrals of 

( , )g u v


 along a pair of opposing edges on the module boundary. 

The naïve computation has to compute ( , ) kD x y x 
  

 for each k , 

but with the equation (EQ.1),  we only need to compute ( , )g u v


 

once and reuse it for all the modules. Thus we give a highly 

efficient computation of ( , )g D x y
  

  in Algorithm 4. The 

function interpolate({ },( , ))ijg x y  computes ( , )g x y  at any ( , )x y  

by bilinear interpolation. And the numerical integration is 

computed by the function 1 1 2 2integrate({ },( , ),( , ))ijg x y x y  for 

(EQ.1) and (EQ.2) 

Theorem 2. The computational complexity of Algorithm 4 is 

( )T n , no greater than the complexity of smoothing operation. 

Proof. Lines 01-03 consume ( )T n  time for smoothing. Integrals 

are computed numerically in each loop between line 04 and line 

09. Because the lower limit and upper limit of these integrals 

Input: ( , )x y
 

, { }ijg  

Output: ( , )g D x y
  

  

Algorithm: 

01:  { } compute_density ( , )ijD x y
 

; 

02:  { } smooth ({ })ij ijD D


; 

03:  Select small x , y ; 

04:  for 1,  2,  3,  ...,  k n  

05:    
k kx x x  ; 

06:  { } compute_density ( , )ijD x y
 

; 

07:  { } smooth ({ })ij ijD D


; 

08:    
1 1

( , ) M N
ij ij

ij B B

i jk

D DD x y
g g w h

x x 

 


 


   
 ; 

09:    
k kx x x  ; 

10:    Compute 
( , )

k

D x y
g

y





  
  as in lines 05-09; 

11:  end for 

Algorithm 3 – 

Naïve Gradient Computation for the Dennsity Penalty Function 

Input: ( , )x y
 

, { }ijg  

Output: ( , )g D x y
  

  

Algorithm: 

01:  { } compute_density ( , )ijD x y
 

; 

02:  { } smooth ({ })ij ijD D


; 

03:  { } smooth ({ })ij ijg g


; 

04:  for 1,  2,  3,  ...,  k n  

05:    2L k kx x w  , 2R k kx x w  ; 

06:    2B k ky y h  , 2T k ky y h  ; 

07:    ( , ) integrate({ },( , ),( , ))k ij R B R Tg D x y x g x y x y  
   

  

integrate({ },( , ),( , ))ij L B L Tg x y x y


; 

08:    ( , ) integrate({ },( , ),( , ))k ij L T R Tg D x y y g x y x y  
   


 

integrate({ },( , ),( , ))ij L B R Bg x y x y


; 

09:  end for 

Function 
1 1 2 2integrate ({ },( , ),( , ))ijg x y x y  

01:  Select the number M  of intervals 

dividing the segment 
1 1 2 2( , ) ( , )x y x y ; 

02:  2 1( )x x x M   , 2 1( )y y y M   ; 

03:  1 1interpolate ({ },( , )) / 2ijI g x y  

2 2 interpolate ({ },( , )) / 2ijg x y ; 

04:  for 1,  2,  3,  ...,  1k M   
05:    1x x k x   , 1y y k y   ; 

06:    interpolate ({ },( , ))ijI I g x y  ; 

07:  end for 

08: 2 2
2 1 2 1( ) ( )I I x x y y M     ; 

09:  return I .
 

Function interpolate ({ },( , ))ijg x y
 

assume 1 1( , ) ( , )i j i ja b a b   is the bin containing ( , )x y ; 

return , 1 1( )( ) / ( )i j i j B Bg a x b y w h    

, 1 1( )( ) / ( )i j i j B Bg a x y b w h     

1, 1( )( ) / ( )i j i j B Bg x a b y w h     

1, 1( )( ) / ( )i j i j B Bg x a y b w h    . 

Algorithm 4 – 
Efficient Gradient Computation for the Dennsity Penalty Function 



depend on the module size, which are constants in the problem, 

they only require (1)O  time to compute each integral, and ( )O n  

time in total. Therefore ( ) ( ) ( )T n O n T n   is the time 

complexity for Algorithm 4. 

▀ 

The advantage of Algorithm 4 is that { }ijg


 can be reused in 

every loop, so that we only need to smooth { }ijg  once. This 

algorithm reduces the run time by a factor of n  in terms of 

computational complexity compared to the naïve method. 

5. FURTHER ANALYSIS 
In this section we perform further analysis on the theorems 

discovered in Section 4, and show that they provide the 

algorithmic foundation to explain why the heuristics used in the 

existing force-directed methods work in the nonlinear 

programming framework. We also show why our approach of 

using the quadratic penalty method or augmented Lagrangian 

method with efficient gradient computation of the density penalty 

function is more general, stable, and theoretically sound. 

5.1 Spreading Effect 
If we solve the problem by the quadratic penalty method 

(Section 3.1), we have to solve ( , ; )Q x y μ τ 
 

 multiple times, 

where ( , ) ( , ; )QWL x y P x y μ 
   

 is the steepest descent direction. 

The term ( , )WL x y
 

 is the direction to reduce wire length, and 

the term ( , ; )QP x y μ
 

 has a spreading effect that leads to a 

density feasible solution. 

It can be proven that there exists a smoothing operator such that 

the smoothed density D


 
satisfies HD D

 

 
where HD


is the 

smoothed density by Helmholtz equation defined in Section 2.2.1. 

For small-size modules, the spreading effect ( , ; )QP x y μ
 

 for the 

k -th module in x -direction can be approximated as follows: 
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This last expression is exactly the force computation in mPL6 

[3], where  ( , ) ( , )H k kD x y x y u 
  

 was approximated by a finite 

difference scheme, and the module area 
k kh w was the multiple 

factor used in mPL6 as a heuristic. From the assumptions made to 

reach these approximations, we know that this heuristic may fail 

while the module size variation is large. Compared to the heuristic 

force computed in [3], the spreading effect of our method is more 

general and is able to handle both small modules and large 

modules. 

5.2 Holding Effect 
Hold forces are used in Kraftwerk [7, 16] for stability and 

support of ECO. By using our gradient computation with the 

augmented Lagrangian method, we also discover the holding 

effect in our method. 

If we solve the problem by the augmented Lagrangian method 

(Section 3.2), the multiplier λ  at the k-th iteration is updated by 
( ) ( 1) ( 1) ( ) ( )( ( , ) )k k k k kλ λ μ D x y I   

  
. Since ( ) ( )( , )k kx y

 
 is the 

solution from the (k-1)-th iteration, we have 
( ) ( ) ( 1) ( 1)( , , ; ) 0k k k k

AL x y λ μ  
 

 and 
( ) ( ) ( 1) ( 1)

( ) ( ) ( ) ( ) ( 1) ( 1)

( ) ( ) ( 1) ( 1) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

  ( , , ; )

( , ) ( , , ; )

( , ) ( ( ( , ) )) ( , )

( , ) ( , )

k k k k

A

k k k k k k

A

k k k k k k k k

k k k k k

L x y λ μ

WL x y P x y λ μ

WL x y λ μ D x y I D x y

WL x y λ D x y

 

 

 



  

     

   

 

   

       


   


Therefore, ( ) ( ) ( ) ( ) ( )( , ) ( , )k k k k kλ D x y WL x y  
    

 . 

In Kraftwerk, the hold force at the k-th iteration is defined as 
( ) ( ) ( )( , )k k k

holdF WL x y
 

 where ( ) ( )( , )k kx y
 

 is the solution from the 

(k-1)-th iteration. It is clear that this holding force is 

approximately ( ) ( ) ( )( , )k k kλ D x y 
  

 . 

Moreover, the steepest descent direction of the augmented 

Lagrangian function at the k-th iteration is: 
( ) ( )( , ) ( , ) ( , ; )k k

QWL x y λ D x y P x y μ   
     

  

where ( )( , ; )k

QP x y μ
 

 is the spreading effect as analyzed in the 

previous section and ( ) ( , )kλ D x y 
  

  is approximately the 

holding force as in Kraftwerk at the starting point ( ) ( )( , )k kx y
 

. The 

difference between Kraftwerk and our method is that the holding 

force is a constant during each iteration but ( ) ( , )kλ D x y 
  

  is 

not. The study of its effect will be left for future work. 

By using the augmented Lagrangian method, we also separate 

the two kinds of effects, where the holding effect is related to the 

Lagrangian multipliers and the spreading effect is related to the 

penalty parameters. 

6. EXPERIMENTAL RESULTS 
We implemented a nonlinear programming solver for problem 

(OPT.2) defined in Section 2.2.4, by the quadratic penalty method 

referred in Section 3.1. The global placer is implemented in a 

multilevel placement framework as mPL6 [3], except that the 

Uzawa solver in each placement level is replaced by our quadratic 

penalty solver. Since the efficient gradient computation is 

implemented in the solver, we name this placer “mPL-g”. 

The first experiment was performed on the IBM-HB+ 

benchmark [13], which consists of hard instances with large 

module size variation (as the analysis in Section 5.1 shows that it 

is under such conditions that the exact smoothed density gradient 

computation is superior to the heuristic used in mPL6). The 

placement results of SCAMPI, mPL6 and mPL-g are shown in 

Table 1. “HPWL-gp”, “ovl-gp” and “time-gp” are respectively the 

wire length, bin area overflow and run time after the global 

placement phase. “HPWL” and “time” are the final wirelength 

and total run time after the detailed placement phase. The global 

placement by either mPL6 or mPL-g is fed into the detailed placer 

of NTUplace-DP [5] for the final placement. The overlap-free 

condition was verified for the final placement. The results are 

averaged by using the geometric mean, and are normalized by 

setting our result to 1. We compared the mPL-g results with 



SCAMPI [13] and mPL6 [3]. The stopping criterion of mPL6 and 

mPL-g was set to 2% constraint violation, which terminates the 

global placer if the total overflow of bin densities is less than 2%. 

With the same stopping criterion for this set of hard instances, 

mPL-g converges 2.8X faster than mPL6. The wirelength is 13% 

shorter and 15% shorter than SCAMPI and mPL6, respectively. 

The second experiment was performed on the ICCAD’04 

mixed-size placement benchmark [1]. In Table 2, We compare the 

placement results of mPL-g and mPL6, also with NTUplace-DP 

as the detailed placer. We can see that the improvement of mPL-g 

is consistent in every circuit, either after the global placement 

phase or after the detailed placement phase. For some of the 

circuits, mPL-g got more than 6% wirelength reduction compared 

to mPL6. The results reveal that the method of exact gradient 

computation leads the solver converge to a better solution. 

We also experimented with the ISPD’05 [11] and ISPD’06 [10] 

placement contest benchmarks, showed in Table 3. As most 

macrocells are fixed in these benchmarks, the exact gradient 

computation in mPL-g does not result in significantly better 

wirelength, but it is still shorter than mPL6 in general, and shorter 

by more than 5% for some circuits. 

The consistency of the improvement in the global placement 

phase is checked by using another detailed placer XDP [6]. The 

results (data omitted) are slightly better (about 1%) than using 

NTUplace-DP. 

7. CONCLUSIONS 
In this paper, we introduced a general class of density 

smoothing operators, and developed the theory and efficient 

algorithms for computing the gradient of density penalty functions 

in the nonlinear programming framework. This is the first time 

that the density-constrained placement problem with global 

smoothing technique can be solved exactly in the general 

nonlinear programming framework.  We showed that such an 

approach supercedes the existing force-directed placement 

methods. The experiment on IBM-HB+ benchmark shows the 

effectiveness of our technique. 

Moreover, our approach with efficient computation of the 

density gradient shows promise in the application to the following 

problems: (1) 3D placement with non-overlap constraints and 

Through-Silicon Via density constraints, and (2) thermal-aware 

placement with temperature constraints. 

We expect that the use of smoothed densities and our gradient 

computation technique will be a general framework to study the 

placement problems with more complicated constraints, and to 

enable the application of the more complex nonlinear 

programming algorithms such as the augmented Lagrangian 

algorithm. 
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IBM-HB+ 

SCAMPI mPL6 + NTUplace-DP mPL-g + NTUplace-DP 

HPWL 

(e+06) 

time 

(s) 

HPWL-gp 

(e+06) 

ovl-gp 

(%) 

time-gp 

(s) 

HPWL 

(e+06) 

time 

(s) 

HPWL-gp 

(e+06) 

ovl-gp 

(%) 

time-gp 

(s) 

HPWL 

(e+06) 

time 

(s) 

ibm01 3.40 62.0 2.79 1.42% 42.2 3.31 47.1916 2.53 1.34% 26.6 3.01 29.6 

ibm02 8 139.6 6.36 1.35% 248.4 7.41 257.371 5.21 1.08% 74.0 6.06 89.0 

ibm03 9.5 104.6 8.55 1.12% 124.0 9.23 127.954 7.78 1.10% 60.5 8.59 69.5 

ibm04 12.3 144.1 10.38 1.65% 261.9 11.20 275.889 9.54 1.28% 81.6 10.58 92.6 

ibm06 11 170.0 8.86 0.89% 228.2 9.21 232.245 8.28 0.87% 63.1 8.69 70.1 

ibm07 15.7 99.0 14.53 1.61% 159.0 16.63 198.04 13.85 1.62% 95.3 15.79 134.3 

ibm08 20.5 188.4 19.46 1.80% 441.8 20.56 445.772 16.62 1.02% 116.8 18.48 126.8 

ibm09 22.2 182.0 18.90 1.54% 412.8 21.09 417.799 14.17 1.54% 104.6 16.07 109.6 

ibm10 55.2 319.9 53.33 8.60% 624.7 70.56 664.665 38.34 1.57% 197.4 43.75 223.4 

ibm11 27.8 144.7 27.26 1.97% 540.5 30.03 555.49 23.47 1.64% 145.8 27.54 160.8 

ibm12 67.6 406.1 54.24 1.47% 439.4 56.37 445.428 45.83 1.47% 178.2 48.56 188.2 

ibm13 42.2 209.6 35.34 1.96% 575.2 39.11 582.192 31.46 1.60% 130.5 35.63 137.5 

ibm14 66.4 268.3 69.43 1.83% 580.0 75.24 593.014 57.13 1.41% 204.2 67.01 234.2 

ibm15 88.2 375.9 99.96 1.62% 1266.1 103.53 1274.09 75.82 1.05% 297.2 81.18 310.2 

ibm16 106.2 306.3 97.32 1.98% 636.7 102.27 645.712 87.28 1.99% 251.0 95.45 267.0 

ibm17 152.7 385.7 149.87 2.00% 1031.8 163.16 1043.76 135.75 1.76% 357.4 149.82 371.4 

ibm18 77.8 192.3 81.07 1.98% 930.5 90.98 940.536 68.58 1.99% 233.2 83.54 250.2 

GEO-MEAN 1.13 N/A    1.15 2.82    1.0 1.0 

Table 1 – Experimental Results on IBM-HB+ benchmark 

ICCAD’04 

mPL6 + NTUplace-DP mPL-g + NTUplace-DP 

HPWL-gp 

(e+06) 

time-gp 

(min) 

HPWL-dp 

(e+06) 

time-tot 

(min) 

HPWL-gp 

(e+06) 

time-gp 

(min) 

HPWL-dp 

(e+06) 

time-tot 

(min) 

ibm01 2.11 3.05 2.26 3.17 1.97 93.36% 3.35 109.84% 2.17 96.05% 3.50 110.53% 

ibm02 4.83 4.45 4.84 4.68 4.54 94.00% 5.02 112.81% 4.58 94.56% 5.25 112.17% 

ibm03 6.54 4.87 6.56 5.15 6.43 98.32% 5.28 108.42% 6.49 99.02% 5.53 107.31% 

ibm04 7.38 5.39 7.67 5.72 7.05 95.53% 6.19 114.84% 7.75 101.02% 6.47 113.10% 

ibm05 9.43 6.23 9.36 6.51 9.27 98.30% 6.72 107.87% 9.25 98.89% 6.99 107.27% 

ibm06 5.72 6.82 5.71 7.20 5.67 99.13% 7.85 115.10% 5.77 100.99% 8.23 114.30% 

ibm07 9.96 9.38 9.95 9.91 9.71 97.49% 10.25 109.28% 9.81 98.54% 10.78 108.78% 

ibm08 12.26 13.89 13.63 14.42 11.42 93.15% 15.89 114.40% 12.80 93.89% 16.41 113.75% 

ibm09 12.41 14.84 12.38 15.39 11.78 94.92% 17.09 115.16% 11.96 96.63% 17.67 114.84% 

ibm10 28 19.02 29.08 19.90 27.44 98.00% 20.51 107.83% 28.83 99.15% 21.61 108.57% 

ibm11 18.02 18.73 17.89 19.53 17.12 95.01% 21 112.12% 17.33 96.87% 21.78 111.54% 

ibm12 32.49 20.68 32.88 21.61 31.56 97.14% 22.64 109.48% 32.34 98.37% 23.54 108.91% 

ibm13 22.85 23.44 22.61 24.42 22.19 97.11% 26.11 111.39% 22.90 101.31% 27.06 110.80% 

ibm14 37.14 36.7 36.16 38.68 35.52 95.64% 37.55 102.32% 36.16 99.99% 39.65 102.50% 

ibm15 47.28 46.35 45.81 48.72 47.2 99.83% 48.58 104.81% 46.91 102.40% 50.90 104.47% 

ibm16 57.93 62.71 56.58 65.03 54.02 93.25% 70.7 112.74% 53.92 95.29% 73.38 112.85% 

ibm17 67.3 54.3 65.38 56.83 64.96 96.52% 56.62 104.27% 66.61 101.88% 59.27 104.29% 

ibm18 44.23 55.96 42.48 58.94 42.49 96.07% 58.63 104.77% 42.05 98.98% 61.46 104.28% 

MEAN      96.26%  109.86%  98.55%  109.46% 

Table 2 – Experimental Results on ICCAD’04 benchmark 

ISPD’05 

ISPD’06 

mPL6 + NTUplace-DP mPL-g + NTUplace-DP 

HPWL-gp 

(e+07) 

time-gp 

(hour) 

HPWL-dp 

(e+07) 

time-tot 

(hour) 

HPWL-gp 

(e+07) 

time-gp 

(hour) 

HPWL-dp 

(e+07) 

time-tot 

(hour) 

adaptec2 9.35 0.81 9.29 0.85 9.05 96.79% 0.95 117.59% 9.00 96.87% 0.99 116.75% 

adaptec4 19.75 2.65 19.60 2.74 19.70 99.73% 2.93 110.83% 19.59 99.97% 3.02 110.52% 

bigblue1 10.17 0.97 9.82 1.00 9.94 97.80% 1.16 118.83% 9.64 98.10% 1.19 118.28% 

bigblue2 15.67 2.65 15.27 2.79 15.65 99.88% 3.14 118.70% 15.30 100.17% 3.28 117.76% 

bigblue3 36.00 3.54 34.81 3.73 36.04 100.11% 4.36 123.14% 35.05 100.67% 4.57 122.46% 

bigblue4 87.91 8.33 84.33 8.89 87.76 99.83% 10.52 126.41% 84.55 100.25% 11.09 124.73% 

adaptec5 34.67 3.73 33.72 3.88 34.40 99.22% 4.64 124.47% 33.70 99.96% 4.78 123.37% 

newblue1 6.52 0.84 6.34 0.91 6.27 96.15% 1.15 136.24% 6.25 98.51% 1.22 133.98% 

newblue2 20.11 2.43 19.97 2.50 20.08 99.81% 3.02 123.94% 20.02 100.27% 3.09 123.28% 

newblue3 29.30 2.44 28.39 2.67 29.32 100.08% 3.16 129.51% 28.28 99.61% 3.41 127.78% 

newblue4 25.61 2.96 24.93 3.10 24.82 96.90% 3.56 120.30% 23.62 94.74% 3.70 119.40% 

newblue5 43.81 6.46 42.87 6.78 43.25 98.71% 6.95 107.54% 42.85 99.95% 7.26 107.10% 

newblue6 52.31 5.57 50.36 5.96 51.71 98.84% 6.05 108.70% 50.06 99.40% 6.44 108.09% 

newblue7 109.74 7.82 108.42 8.33 108.86 99.19% 9.99 127.82% 109.31 100.82% 10.56 126.66% 

MEAN      98.79%  121.00%  99.23%  120.01% 

Table 3 – Experimental Results on ISPD’05 and ISPD’06 placement contest bechmarks 

 


